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NONLINEAR STABILITY OF PLANAR RAREFACTION WAVE TO THE
THREE-DIMENSIONAL BOLTZMANN EQUATION
TENG WANG AND YI WANG
Abstract. We investigate the time-asymptotic stability of planar rarefaction wave for the three-dimensional
Boltzmann equation, based on the micro-macro decomposition introduced in [24, 22] and our new obser-
vations on the underlying wave structures of the equation to overcome the difficulties due to the wave
propagation along the transverse directions and its interactions with the planar rarefaction wave. Note
that this is the first stability result of planar rarefaction wave for 3D Boltzmann equation, while the
corresponding results for the shock and contact discontinuities are still completely open.
1. Introduction and main result
We investigate the time-asymptotic stability of planar rarefaction wave for the three-dimensional
Boltzmann equation which takes the form
(1.1) ft + v · ∇xf = 1
κ
Q(f, f),
with the initial data
(1.2) f(0, x, v) = f0(x, v),
where the time variable t ∈ R+, spatial variables x = (x1, x2, x3) ∈ R × T2 := D with T2 := (R/Z)2
being the two-dimensional unit flat torus, the particle velocity v = (v1, v2, v3) ∈ R3 and f = f(t, x, v)
represents the distributional density of particles at time-space (t, x) with velocity v. In the Boltzmann
equation (1.1), the physical parameter κ called the Knudsen number is proportional to the mean free
path of the interacting particles. Since we are concerned with the time-asymptotic behavior of the
solution to the Boltzmann equation (1.1), the Knudsen number κ will be fixed to be 1 in the following.
For the hard sphere model, the collision operator Q(f, f) takes the following bilinear and symmetric
form
Q(f, g)(v) =
1
2
∫
R3
∫
S2+
[
f(v′∗)g(v
′) + f(v′)g(v′∗)
−f(v∗)g(v) − f(v)g(v∗)
]|(v − v∗) · Ω| dv∗dΩ,
where the unit vector Ω ∈ S2+ = {Ω ∈ S2 : (v − v∗) · Ω ≥ 0}, and (v, v∗) and (v′, v′∗) are the pair
velocities of the two particles before and after a binary elastic collision respectively, which together with
the conservation laws of momentum and energy during the collisions, imply the following relations
v′ = v − [(v − v∗) · Ω] Ω, v′∗ = v∗ + [(v − v∗) · Ω] Ω, Ω ∈ S2.
It is well-known that Boltzmann equation is closely related to the system of classical fluid mechanics,
in particular, the systems of compressible Euler and Navier-Stokes equations, as described by the famous
Hilbert expansion and Chapman-Enskog expansion, respectively. Either the Hilbert expansion or the
Chapman-Enskog expansion yields the compressible Euler equations in the leading order with respect to
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the Knudsen number κ. The system of compressible Euler equations is a typical example of hyperbolic
conservation laws system, which has the distinguished feature that the solution may blow up in finite-
time, i. e., the formation of the shock wave, no matter how smooth or small the initial values are. In fact,
there are three basic wave patterns to the system of hyperbolic conservation laws, that is, two nonlinear
waves, shock and rarefaction waves, in the genuinely nonlinear characteristic fields and a linear wave,
contact discontinuity, in the linearly degenerate field. These dilation invariant solutions, and their linear
superposition in the increasing order of characteristic speed, called Riemann solutions, govern both the
local and large time asymptotic behavior of general solutions to the inviscid Euler system. Hence, one
can expect the wave phenomena to Boltzmann equation as for the macroscopic fluid dynamics and it is
interesting and important both mathematically and physically to prove the dynamic stability of these
basic wave patterns for the Boltzmann equation.
For the Boltzmann equation with slab symmetry, i. e., the spatial one-dimensional case, the stability
of the these three basic wave patterns are well-understood until now. For instance, the pioneering study
on the stability of viscous shock wave was first proved by Liu and Yu [24] with the zero total macroscopic
mass condition by the energy method based on the micro-macro decomposition while the existence of
viscous shock profile to the Boltzmann equations is given by Caflish and Nicolaenko [3] and Liu and
Yu [25]. Then stability of rarefaction wave fan is proved by Liu, Yang, Yu, and Zhao [23] and the
stability of viscous contact wave, which is the viscous version of contact discontinuity, by Huang and
Yang [17] with the zero mass condition and Huang, Xin, and Yang [16] without the zero mass condition.
Furthermore, Yu [33] proved the stability of single viscous shock profile without zero mass condition by
the elegant point-wise method based on the Green function around the shock profile. Recently, Wang
and Wang [29] proved the stability of the superposition of two viscous shock profiles to the Boltzmann
equation without the zero mass condition by the weighted characteristic energy method. Nevertheless,
the hydrodynamic limit of Boltzmann equation to Euler system in the setting of 1D Riemann solution
is proved in [32, 12, 31, 13, 14] and finally in [15] for 1D generic Riemann solution.
However, for the three-dimensional Boltzmann equation (1.1), there is no any result on the stability
of these three basic wave patterns, as far as we know. The main purpose of the present paper is to
establish the first result on the time-asymptotic stability of planar rarefaction wave to 3D Boltzmann
equation in the infinite long flat nozzle domain D := R × T2. In our stability proof, we first use
the macro-micro decomposition invented by Liu and Yu [24] and Liu, Yang, and Yu [22] to rewrite
Boltzmann equation (1.1) by a fluid-type system, which is a compressible Navier-Stokes equations with
temperature-dependent viscosities and heat-conductivities coupled with the microscopic terms, and a
non-fluid part equation where the linearized collision operator around the local Maxwellian are strongly
dissipative. Then we construct a smooth profile to the 1D self-similar rarefaction wave fan and we look
for the solution to the 3D Boltzmann equation around this profile and prove the stability of this planar
rarefaction wave.
Compared with the stability problem in one-dimensional case, the main difficulties in the proof of
the stability of planar rarefaction wave lie in the wave propagations along the transverse directions
(x2, x3) ∈ T2 and their interactions with the planar rarefaction wave in the direction x1 ∈ R. Motivated
by the previous work of the second author and his collaborator in [21] for the stability of planar
rarefaction wave of the two-dimensional compressible Navier-Stokes equations, we use some underlying
wave structures to overcome the difficulties mentioned above. However, different from [21], here we need
to consider the case that both viscosities and heat conductivity depend on the temperature and moreover,
we need to cope with the microscopic terms and their interactions with the fluid part. Furthermore,
we need to make full use of the advantage of the different forms of the fluid system in the micro-macro
decomposition for Boltzmann equation when we estimate the fluid parts. For the stability of planar
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rarefaction wave to the multi-dimensional viscous conservation laws, one can also refer [30, 20] and the
references therein.
Now we formulate our problem. Since we are concerned with the time-asymptotic stability of planar
rarefaction wave to 3D Boltzmann equation (1.1), it is assumed that the far fields conditions of initial
data on the x1−direction
(1.3) f(0, x, v) = f0(x, v)→M[ρ±,u±,θ±](v) :=
ρ±√
(2piRθ±)3
exp
(
−|v − u±|
2
2Rθ±
)
,
as x1 → ±∞, with ρ± > 0, u± = (u1±, 0, 0)t, θ± > 0 being prescribed constant states. Moreover, the
periodic boundary conditions are imposed on (x2, x3) ∈ T2 for the solution f(t, x, v). Here the two
end states (ρ±, u±, θ±) are connected by the rarefaction wave solution to the Riemann problem of the
corresponding 1D compressible Euler system
(1.4)

ρt + (ρu1)x1 = 0, x1 ∈ R, t > 0,
(ρu1)t + (ρu
2
1 + p)x1 = 0,
(ρui)t + (ρu1ui)x1 = 0, i = 2, 3,
[ρ(e+
|u|2
2
)]t + [ρu1(e+
|u|2
2
) + pu1]x1 = 0,
with the Riemann initial data
(1.5) (ρ, u, θ)(0, x1) = (ρ
r
0, u
r
0, θ
r
0)(x1) =
{
(ρ−, u−, θ−), x1 < 0
(ρ+, u+, θ+), x1 > 0.
It could be expected that the large-time behavior of the solution to the 3D Boltzmann equation (1.1)-
(1.3) is closely related to the Riemann problem to the corresponding 3D compressible Euler equations
(1.6)

ρt + div(ρu) = 0, x ∈ R× T2, t > 0,
(ρu)t + div(ρu⊗ u) +∇p = 0,
(ρ(e+
|u|2
2
))t + div(ρu(e +
|u|2
2
) + pu) = 0,
with the Riemann initial data
(1.7) (ρ0, u0, θ0)(x) =
{
(ρ−, u−, θ−), x1 < 0,
(ρ+, u+, θ+), x1 > 0.
There are essential differences between the one-dimensional Riemann problem (1.4)-(1.5) and the
multi-dimensional Riemann problem (1.6)-(1.7). In the 2D isentropic regime, that is, the system (1.6)
with the constant entropy and then the energy equation (1.6)3 being satisfied trivially, it is first proved
by Chiodaroli, DeLellis, and Kreml [6] and Chiodaroli and Kreml [7] that there are infinitely many
bounded admissible weak solutions to (1.6)-(1.7) satisfying the natural entropy condition for shock
Riemann initial data by using the convex integration methods in DeLellis and Sze´kelyhid [8] while
the construction of infinitely many admissible weak solutions in [6, 7] seems essential to the multi-
dimensional system and could not be applied to one-dimensional problem (1.4)-(1.5). Then Klingenberg
and Markfelder [18] and Brezina, Chiodaroli, and Kreml [2] extend the results in [6, 7] to the case when
the corresponding Riemann initial data contain shock or contact discontinuity. On the other hand,
similar to the one-dimensional case, for the Riemann solution only containing rarefaction waves to
(1.6)-(1.7), Chen and Chen[5] and Feireisl and Kreml [9], Feireisl, Kreml, and Vasseur [10] independently
proved the uniqueness of the uniformly bounded admissible weak solution even the rarefaction waves
are connected with vacuum states (cf. [5]).
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As mentioned before, we can expect that the large-time behavior of the solution to the Boltzmann
equation (1.1)-(1.3) is determined by the Riemann problem to the corresponding inviscid Euler system
(1.6) or (1.4), which contains planar shock wave and rarefaction wave in the genuinely nonlinear char-
acteristic fields and contact discontinuity in the linearly degenerate field. Our goal in the paper is to
prove the above expectations in mathematics rigor and to investigate the dynamic stability of planar
rarefaction wave for the 3D Boltzmann equation (1.1) at a first step.
Now we first carry out the micro-macro decomposition around the local
Maxwellian to the Boltzmann equation (1.1) as introduced by Liu and Yu [24] and Liu, Yang, and Yu
[22]. In fact, for any solution f(t, x, v) to equation (1.1), there are five macroscopic (fluid) quantities: the
mass density ρ(t, x), the momentum m(t, x) = ρu(t, x), and the total energy E(t, x) = ρ
(
e+ 12 |u|2
)
(t, x)
defined by
(1.8)

ρ(t, x) =
∫
R3
ξ0(v)f(t, x, v)dv,
ρui(t, x) =
∫
R3
ξi(v)f(t, x, v)dv, i = 1, 2, 3,
ρ(e+
|u|2
2
)(t, x) =
∫
R3
ξ4(v)f(t, x, v)dv,
where ξi(v) (i = 0, 1, 2, 3, 4) are the collision invariants given by
(1.9) ξ0(v) = 1, ξi(v) = vi (i = 1, 2, 3), ξ4(v) =
1
2
|v|2,
and satisfy ∫
R3
ξi(v)Q(g1, g2)dv = 0, for i = 0, 1, 2, 3, 4.
For a solution f(t, x, v) to the Boltzmann equation (1.1), we decompose it into the macroscopic (fluid)
component, i.e., the local Maxwellian M = M[ρ,u,θ](t, x, v), and the microscopic (non-fluid) component,
i.e., G = G(t, x, v) as follows (cf. [22])
f(t, x, v) = M(t, x, v) +G(t, x, v).
Here, the local Maxwellian M is associated to the solution f(t, x, v) of the equation (1.1) in terms of
the five fluid quantities (ρ, u, θ)(t, x) defined by
(1.10) M := M[ρ,u,θ](t, x, v) =
ρ(t, x)√
(2piRθ(t, x))3
e
− |v−u(t,x)|2
2Rθ(t,x) ,
where θ(t, x) is the temperature which is related to the internal energy e(t, x) by e = 32Rθ with R > 0
being the gas constant, and u(t, x) =
(
u1(t, x), u2(t, x), u3(t, x)
)t
is the fluid velocity.
For some given global or local Maxwellian M˜, the weighted inner product in L2v space with respect
to the Maxwellian M˜ is defined by:
(1.11) 〈g1, g2〉M˜ ≡
∫
R3
1
M˜
g1(v)g2(v)dv,
for any functions g1(v), g2(v) such that the above integral is well-defined, and ‖g1‖L2v( 1√
M˜
) := 〈g1, g1〉
1
2 .
If M˜ is the local Maxwellian M in (1.10), we shall use the simplified notation 〈·, ·〉 instead of 〈·, ·〉M
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if without confusions. With respect to this inner product 〈·, ·〉, the following five pairwise orthogonal
bases span the macroscopic space N
(1.12)

χ0(v) ≡ 1√
ρ
M, χi(v) ≡ vi − ui√
Rθρ
M for i = 1, 2, 3,
χ4(v) ≡ 1√
6ρ
(
|v − u|2
Rθ
− 3)M, 〈χi, χj〉 = δij , i, j = 0, 1, 2, 3, 4.
In terms of above orthogonal bases, the macroscopic projection P0 from L
2(R3v) toN and the microscopic
projection P1 from L
2(R3v) to N
⊥ can be defined as
P0g =
4∑
j=0
〈g, χj〉χj , P1g = g −P0g.
Based on the above preparation, the solution f(t, x, v) to the equation (1.1) can be decomposed
into the macroscopic (fluid) part, i.e., the local Maxwellian M = M(t, x, v) defined in (1.10), and the
microscopic (non-fluid) part, i.e. G = G(t, x, v):
f(t, x, v) = M(t, x, v) +G(t, x, v), P0f = M, P1f = G,
and the equation (1.1) becomes
(1.13) (M+G)t + v · ∇x(M+G) = 2Q(M,G) +Q(G,G).
Taking the inner product of the equation (1.13) and the collision invariants ξi(v) (i = 0, 1, 2, 3, 4) with
respect to v over R3, one has the following system for the fluid variables (ρ, u, θ):
(1.14)

ρt + divx(ρu) = 0,
(ρu)t + divx(ρu⊗ u) +∇xp = −
∫
v ⊗ v · ∇xGdv,
[ρ(e+
|u|2
2
)]t + divx[ρu(e+
|u|2
2
) + pu] = −
∫
1
2
|v|2v · ∇xGdv,
where p = 23ρe = Rρθ is the pressure for the mono-atomic gas. However, the above fluid-type sys-
tem (1.14) is not self-contained and a equation for the microscopic component G is needed, which can
be derived by applying the projection operator P1 into the equation(1.13):
(1.15) Gt +P1(v · ∇xM) +P1(v · ∇xG) = LMG+Q(G,G),
where LM is the linearized operator around the local Maxwellian M given by
LMg = Q(M+ g,M+ g) −Q(g, g) = 2Q(M, g).
Recall that the linearized collision operator LM is symmetric in L
2
v space and the null space N of LM
is exactly spanned by ξi(v) (i = 0, 1, 2, 3, 4). For the hard sphere model, LM takes form (cf. [11, 23])
(1.16) (LMh)(v) = −νM(v)h(v) +
√
M(v)KM
((
h√
M
)
(v)
)
.
Here KM(·) = K2M(·)−K1M(·) is a symmetric and compact operator in the above weighted L2v space.
Let kiM(v, v∗) (i = 1, 2) be the kernel of the operator KiM(·) (i = 1, 2). Then the collision frequency
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νM(v) and kiM(v, v∗) (i = 1, 2) have the following expressions
(1.17)

νM(v) =
2ρ√
2piRθ
{( Rθ
|v − u| + |v − u|
)∫ |v−u|
0
exp
(
− y
2
2Rθ
)
dy
+Rθ exp
(
− |v − u|
2
2Rθ
)}
,
k1M(v, v∗) =
piρ√
(2piRθ)3
|v − v∗| exp
(
− |v − u|
2
4Rθ
− |v∗ − u|
2
4Rθ
)
,
k2M(v, v∗) =
4piρ√
(2piRθ)3
|v − v∗|−1 exp
(
− |v − v∗|
2
8Rθ
− (|v|
2 − |v∗|2)2
8Rθ|v − v∗|2
)
.
By (1.17)1, we have νM(v) ∼ (1 + |v|) as |v| → +∞. Furthermore, the celebrated H-theorem implies
the strongly dissipative property of the linearized collision operator LM on the non-fluid component, i.
e., there exists a positive constant σ˜1 > 0 such that for any function g(v) ∈ N⊥ (cf. [5, 11]), it holds
that
(1.18) 〈g,LMg〉 ≤ −σ˜1〈ν(v)g, g〉,
where and in the sequel the subscript M in the collision frequency νM(v) will often be omitted as the
simplified form ν(v) if without confusions. By (1.18), the inverse of the operator LM exists in N
⊥,
which together with (1.15) implies that
(1.19)
G = L−1
M
[P1(v · ∇xM)] + L−1M [Gt +P1(v · ∇xG)−Q(G,G)]
: = L−1
M
[P1(v · ∇xM)] + Π.
Substituting (1.19) into (1.14), we can obtain the following compressible Navier-Stokes-type equations
for the macroscopic fluid quantities (ρ, u, θ):
(1.20)

ρt + divx(ρu) = 0,
(ρu)t + divx(ρu⊗ u) +∇xp
= −
∫
v ⊗ v · ∇x
(
L−1
M
[P1(v · ∇xM)]
)
dv −
∫
v ⊗ v · ∇xΠdv,
[ρ(θ +
|u|2
2
)]t + divx[ρu(θ +
|u|2
2
) + pu]
= −
∫
1
2
|v|2v · ∇x
(
L−1
M
[P1(v · ∇xM)]
)
dv −
∫
1
2
|v|2v · ∇xΠdv,
A direct computation gives rise to the diffusion terms
−
∫
vivj · ∇xj
(
L−1
M
[P1(v · ∇xM)]
)
dv =
3∑
j=1
[
µ(θ)(uixj + ujxi −
2
3
δijdivxu)
]
xj
,
and
−
∫
1
2
|v|2v · ∇x
(
L−1
M
[P1(v · ∇xM)]
)
dv
=
3∑
j=1
(κ(θ)θxj)xj +
3∑
i,j=1
{
µ(θ)ui(uixj + ujxi −
2
3
δijdivxu)
}
xj
,
with the viscosity coefficient µ(θ) > 0 and the heat conductivity coefficient κ(θ) > 0 being the smooth
functions of the temperature θ.
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Now we describe the rarefaction wave solution to the Euler system (1.4)-(1.5) or (1.6)-(1.7) with the
state equation
p =
2
3
ρθ = kρ
5
3 exp(S),
where the constant k = 12pie and S is the macroscopic entropy. It is straight to calculate that the Euler
system (1.4) for (ρ, u1, θ) has three distinct eigenvalues
λi(ρ, u1, S) = u1 + (−1)
i+1
2
√
pρ(ρ, S), i = 1, 3, λ2(ρ, u1, S) = u1,
with corresponding right eigenvectors
ri(ρ, u1, S) = ((−1)
i+1
2 ρ,
√
pρ(ρ, S), 0)
t, i = 1, 3, r2(ρ, u1, S) = (pS, 0,−pρ)t,
such that
ri(ρ, u1, S) · ∇(ρ,u1,S)λi(ρ, u1, S) 6= 0, i = 1, 3,
and
r2(ρ, u1, S) · ∇(ρ,u1,S)λ2(ρ, u1, S) ≡ 0.
Thus the two i-Riemann invariants Σ
(j)
i (i = 1, 3, j = 1, 2) can be defined by (cf. [28])
(1.21) Σ
(1)
i = u1 + (−1)
i−1
2
∫ ρ √pz(z, S)
z
dz, Σ
(2)
i = S,
such that
∇(ρ,u1,S)Σ(j)i (ρ, u1, S) · ri(ρ, u1, S) ≡ 0, i = 1, 3, j = 1, 2.
Given the right state (ρ+, u1+, θ+) with ρ+ > 0, θ+ > 0, the i-Rarefaction wave curve (i = 1, 3) in the
phase space (ρ, u1, θ) with ρ > 0 and θ > 0 can be defined by (cf. [19]):
(1.22) Ri(ρ+, u1+, θ+) :=
{
(ρ, u1, θ)
∣∣∣λix1 > 0,Σ(j)i (ρ, u1, S) = Σ(j)i (ρ+, u1+, S+), j = 1, 2}.
Without the loss of generality, we consider the stability of 3−rarefaction wave to the Euler system
(1.4)-(1.5) in the present paper and the stability of 1−rarefaction wave can be considered similarly. The
3−rarefaction wave to the Euler system (1.4)-(1.5) can be expressed explicitly through the Riemann
solution to the inviscid Burgers equation:
(1.23)

wt + wwx1 = 0,
w(0, x1) =
{
w−, x1 < 0,
w+, x1 > 0.
If w− < w+, then the Riemann problem (1.23) admits a self-similar rarefaction wave fan solution
wr(t, x1) = w
r(x1
t
) given by
(1.24) wr
(x1
t
)
=
 w−,
x1
t
≤ w−,
x1
t
, w− ≤ x1t ≤ w+,
w+,
x1
t
≥ w+.
Then the 3-rarefaction wave solution (ρr, ur, θr)(x1
t
) to the compressible Euler equations (1.4)-(1.5) can
be defined explicitly by w± = λ3(ρ±, u1±, θ±), w
r(
x1
t
) = λ3(ρ
r, ur1, θ
r)(
x1
t
),
Σ
(j)
3 (ρ
r, ur1, θ
r)(
x1
t
) = Σ
(j)
3 (ρ±, u1±, θ±), j = 1, 2, u
r
2 = u
r
3 = 0,
(1.25)
where Σ
(j)
3 (j = 1, 2) are the 3-Riemann invariants defined in (1.21).
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Next, we construct a smooth profile to the 3-rarefaction wave defined in (1.25). Motivated by
Matsumura-Nishihara [27], the smooth rarefaction wave can be constructed by the Burgers equation
(1.26)
 w¯t + w¯w¯x1 = 0,w¯(0, x1) = w¯0(x1) = w+ +w−
2
+
w+ − w−
2
kq
∫ εx1
0
(1 + y2)−qdy,
where ε > 0 is a small parameter to be determined and kq is a positive constant such that kq
∫∞
0 (1 +
y2)−qdy = 1 for each q ≥ 2. Note that the solution w¯(t, x1) of the problem (1.26) can be given by
(1.27) w¯(t, x1) = w¯0(x0(t, x1)), x = x0(t, x1) + w¯0(x0(t, x1))t.
Correspondingly, the smooth 3-rarefaction wave (ρ¯, u¯, θ¯)(t, x1) to compressible Euler equations (1.4)−
(1.5) can be defined by{
w± = λ3(ρ±, u1±, θ±), w¯(x1, 1 + t) = λ3(ρ¯, u¯1, θ¯)(t, x1),
Σ
(j)
3 (ρ¯, u¯1, θ¯)(t, x1) = Σ
(j)
3 (ρ±, u1±, θ±), j = 1, 2, u¯2 = u¯3 = 0,
(1.28)
where w¯(t, x1) is the solution of Burger’s equation (1.26) defined in (1.27). Then the planar 3-rarefaction
wave (ρ¯, u¯, θ¯)(t, x1) satisfies the Euler system
(1.29)

ρ¯t + (ρ¯u¯1)x1 = 0,
(ρ¯u¯1)t + (ρ¯u¯
2
1 + p¯)x1 = 0,
(ρ¯u¯i)t + (ρ¯u¯1u¯i)x1 = 0, i = 2, 3,
(ρ¯θ¯)t + (ρ¯u¯1θ¯)x1 + p¯u¯1x1 = 0.
The solution space to the Boltzmann equation (1.1)-(1.3) considered in this paper isH3x
(
L2v
(
1√
M∗
))(
D×
R
3
)
with H3x being the standard Sobolev space and L
2
v
(
1√
M∗
)
being weighted L2v space defined in (1.11)
for some global Maxwellian M∗. Now we can state our main result as follows.
Theorem 1.1. Suppose (ρ¯, u¯, θ¯)(t, x1) is the 3-rarefaction wave defined in (1.28) satisfying
1
2
sup
(t,x1)
θ¯(t, x1) <
inf
(t,x1)
θ¯(t, x1), then there exist positive constants δ0, ε0 < 1 and a global Maxwellian M∗ = M[ρ∗,u∗,θ∗] with
ρ∗ > 0, θ∗ > 0, such that if ε ≤ ε0 and the initial values satisfy
(1.30) E(0) :=
∥∥∥f0(x, v)−M[ρ¯(0,x1),u¯(0,x1),θ¯(0,x1)]∥∥∥2H3x(L2v( 1√M∗ )) ≤ δ0,
then 3D Boltzmann equation (1.1)-(1.3) admits a unique global solution f(t, x, v) satisfying
(1.31)
∥∥∥f(t, x, v)−M[ρ¯(t,x1),u¯(t,x1),θ¯(t,x1)]∥∥∥2H3x(L2v( 1√M∗ )) ≤ C(δ0 + ε 18 ),
with some uniform-in-time constant C and the time-asymptotic stability of planar 3-rarefaction wave:
(1.32) lim
t→∞
∥∥∥f(t, x, v)−M[ρ¯(t,x1),u¯(t,x1),θ¯(t,x1)]∥∥∥L∞x (L2v( 1√M∗ )) = 0.
Here g(v) ∈ L2v( 1√M∗ ) means that
g(v)√
M∗
∈ L2v(R3).
Remark 1.1. Theorem 1.1 is the first result on the time-asymptotic stability of basic wave patterns
for the three-dimensional Boltzmann equation, even though the corresponding stability results for shock
wave or contact discontinuity are still completely open.
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The rest part of the paper is arranged as follows. First, we present the local-in-time existence of
the solution to 3D Boltzmann equation (1.1)-(1.3), and list some properties for the rarefaction wave
and Boltzmann equation’s microscopic H-theorem in Section 2. Then, we will prove our main result
Theorem 1.1 based on the a priori energy estimates in Section 3. Finally, we give the proof of local-in-
time existence of solution to Boltzmann equation (1.1)-(1.3) in Appendix.
2. Preliminaries
In this section, we first present the local-in-time existence of solution to Boltzmann equation (1.1)-
(1.3), list some properties for the rarefaction wave and linearized collision operator, and then show the
celebrated microscopic H-theorem for Boltzmann equation.
We start from the local-in-time existence of solution to Boltzmann equation (1.1)-(1.3), whose proof
will be given in Appendix.
Lemma 2.1. (Local-in-time existence) For any suitable small constant Ξ > 0, there exists a positive
constant T ∗(Ξ) > 0, such that if the initial values f0(x, v) ≥ 0 and
(2.1) E(0) =
∥∥∥f0(x, v) −M[ρ¯(0,x1),u¯(0,x1),θ¯(0,x1)]∥∥∥H3x(L2v( 1√M∗ )) ≤ Ξ2√C0 ,
where C0 :=
1
min{1,σ¯} ≥ 1 and the positive constant σ¯ is defined in Lemma 4.1 in Appendix. Then 3D
Boltzmann equation (1.1)-(1.3) admits a unique global solution f(t, x, v) ∈ H3x
(
L2v
(
1√
M∗
))
on [0, T ∗(Ξ))×
D× R3 satisfying f(t, x, v) ≥ 0 and
(2.2) sup
0≤t≤T ∗(Ξ)
∥∥∥f(t, x, v)−M[ρ¯(t,x1),u¯(t,x1),θ¯(t,x1)]∥∥∥H3x(L2v( 1√M∗ )) ≤ Ξ.
Then we list some properties of the smooth 3−rarefction wave constructed in (1.28) in the following
two lemmas.
Lemma 2.2 ([26, 27]). The Burgers equation (1.26) has a unique smooth global solution w¯(t, x1) such
that
(1) w− < w¯(t, x1) < w+, ∂x1w¯(t, x1) > 0, for x1 ∈ R, t ≥ 0.
(2) For any t > 0 and p ∈ [1,∞], there exists a constant Cp,q such that
‖w¯(t, ·)− wr( ·
t
)‖Lp ≤ Cpε−
1
p (w+ − w−),
‖w¯x1(t, ·)‖Lp ≤ Cp,qmin{ε1−
1
p (w+ − w−), (w+ − w−)
1
p t
−1+ 1
p },
‖w¯x1x1(t, ·)‖Lp ≤ Cp,qmin{ε2−
1
p (w+ − w−), ε(1−
1
2q
)(1− 1
p
)
(w+ − w−)−
p−1
2pq t
−1− p−1
2pq },
|w¯x1x1(t, x1)| ≤ Cεw¯x1(t, x1).
(3) The smooth rarefaction wave w¯(t, x1) and the original rarefaction wave w
r(x1
t
) are time-asymptotically
equivalent, i.e.,
lim
t→+∞ supx1∈R
|w¯(t, x1)− wr(x1
t
)| = 0.
Lemma 2.3 ([26, 27]). Let δ = |(ρ+ − ρ−, u+ − u−, θ+ − θ−)| is the strength of the 3-rarefaction wave
(ρ¯, u¯, θ¯) defined in (1.28), then the following properties hold:
(i) u¯1x1(t, x1) > 0, for x1 ∈ R, t ≥ 0.
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(ii) The following estimates hold for all t > 0 and p ∈ [1,∞]:
‖(ρ¯, u¯, θ¯)(t, ·) − (ρr, ur, θr)( ·
t
)‖Lp ≤ Cpδε−
1
p ,
‖(ρ¯, u¯, θ¯)x1(t, ·)‖Lp ≤ Cp,qmin{δε1−
1
p , δ
1
p (1 + t)−1+
1
p },
‖(ρ¯, u¯, θ¯)x1x1(t, ·)‖Lp ≤ Cp,qmin{δε2−
1
p , δ
− p−1
2pq ε
(1− 1
2q
)(1− 1
p
)
(1 + t)
−1− p−1
2pq
+δ
1
p (1 + t)
−2+ 1
p },
(iii) Time-asymptotically, the smooth 3-rarefaction wave and the inviscid
3-rarefaction wave are equivalent, i.e.,
lim
t→+∞ supx1∈R
|(ρ¯, u¯, θ¯)(t, x1)− (ρr, ur, θr)(x1
t
)| = 0.
Next, we list some lemmas on the estimates and dissipative properties of the linearized collision
operator in the weighted L2 space, based on the celebrated H-theorem. The first lemma can be found
from [24].
Lemma 2.4. There exists a positive constant C such that∫
ν(v)−1Q(f, g)2
M˜
dv ≤ C
{∫
ν(v)f2
M˜
dv ·
∫
g2
M˜
dv +
∫
f2
M˜
dv ·
∫
ν(v)g2
M˜
dv
}
,
where M˜ can be any Maxwellian so that the above integrals are well-defined.
Based on Lemma 2.4, the following three lemmas are taken from [23]. Their proofs are straightforward
by using Lemma 2.4 and Cauchy inequality.
Lemma 2.5. If θ/2 < θ∗ < θ, then there exist two positive constants σ˜ = σ˜(ρ, u, θ; ρ∗, u∗, θ∗) and
η0 = η0(ρ, u, θ; ρ∗, u∗, θ∗) such that if |ρ− ρ∗|+ |u− u∗|+ |θ − θ∗| < η0, then for g(v) ∈ N⊥,
−
∫
gLMg
M∗
dv ≥ σ˜
∫
ν(v)g2
M∗
dv.
Lemma 2.6. Under the assumptions in Lemma 2.5, we have for each g(v) ∈ N⊥,∫
ν(v)
M
|L−1
M
g|2dv ≤ σ˜−2
∫
ν(v)−1g2
M
dv,
and ∫
ν(v)
M∗
|L−1
M
g|2dv ≤ σ˜−2
∫
ν(v)−1g2
M∗
dv.
Lemma 2.7. Under the assumptions in Lemma 2.5, for any positive constants k and λ, it holds that
|
∫
g1P1(|v|kg2)
M∗
dv −
∫
g1|v|kg2
M∗
dv| ≤ Ck
∫
λ|g1|2 + λ−1|g2|2
M∗
dv,
where the constant Ck only depends on k.
Remark 2.1. In Lemmas 2.5-2.7, η0 may not be sufficiently small positive constant. However, in the
proof of Theorem 1.1 in the following sections, the smallness of η0 is crucially used to close the a priori
assumptions (3.3).
Lemma 2.8 ([1]). There exists some positive constant C such that for g ∈ H2(D) with D := R×T2, it
holds that
(2.3) ‖g‖2L∞(D) ≤ C
[
‖g‖L2(D)‖∇g‖L2(D) + ‖∇g‖L2(D)‖∇2g‖L2(D)
]
.
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3. The proof of Theorem 1.1
In this section, we prove our main result Theorem 1.1, based on the local-in-time existence of the
solution in Lemma 2.1 and the a priori estimates carried out in the following. First set the perturbation
around the 3-rarefaction wave by
(3.1)
{
(φ,ψ, ζ)(t, x) = (ρ− ρ¯, u− u¯, θ − θ¯)(t, x),
G˜(t, x, v) = G(t, x, v) − G¯(t, x, v),
with the correction function G¯ as
(3.2) G¯ =
3
2θ
L−1
M
{
P1
[
v1
(
v1u¯1x1 +
|v − u|2
2θ
θ¯x1
)
M
]}
,
due to the fact that ‖(u¯1x1 , θ¯x1)‖2 ∼ (1+ t)−1 is not integrable with respect to the time t but uniformly
bounded in t. Note that the correction function G¯ in (3.2) was first introduced in [23] for the stability
of the rarefaction wave to the 1D Boltzmann equation, see also [31].
Based on the local-in-time existence of the solution in Lemma 2.1 and the standard continuum
argument, to prove the global existence on the time interval [0, T ] with T > 0 being any positive time
and the uniform-in-time estimates (1.31) and then Theorem 1.1, it is sufficient to close the following
a-priori assumptions:
(3.3)
N (T ) = sup
0≤t≤T
{
‖(φ,ψ, ζ)(t, ·)‖2H2
+
∫ ∫
1
M∗
(
|G˜|2 +
∑
1≤|α|≤2
|∂αG|2 +
∑
|β|=3
|∂βf |2
)
dvdx
}
≤ χ2,
and verify (1.32), where and in the sequel (∂α, ∂β) = (∂αt,x, ∂
β
t,x) and χ is a small positive constant
depending on the initial data but independent of the time T . Note that the global Maxellian M∗ in
(3.3) is determined in Theorem 1.1. It can be seen easily from (3.3) and Sobolev’s inequality that
N (0) = O(1)(E(0) + ε) and E(0) = O(1)(N (0) + ε),
and
(3.4) sup
(τ,x)∈[0,t]×D
∑
0≤|α′|≤1
(
|∂α′(φ,ψ, ζ)| + ( ∫ |∂α′G|2
M∗
dv
) 1
2
)
≤ C(χ+ ε),
with some positive constant C. Under the a priori assumption (3.3), we can prove that
Theorem 3.1. (A priori estimates) Under the assumptions in Theorem 1.1, then any solution f(t, x, v)
to Boltzmann equation (1.1)-(1.3) on the time interval [0, T ] satisfies the following uniform-in-time a
priori estimates:
(3.5)
‖(φ,ψ, ζ)(·, t)‖2H2 +
∫ t
0
[
‖√u¯1x1(φ,ψ1, ζ)‖2 + ∑
1≤|β|≤3
‖∂β(φ,ψ, ζ)‖2
]
dτ
+
∫ ∫ ( |G˜|2
M∗
+
∑
1≤|α|≤2
|∂αG|2
M∗
+
∑
|β|=3
|∂βf |2
M∗
)
(t, x, v)dxdv
+
∫ t
0
∫ ∫
ν(v)
M∗
(
|G˜|2 +
∑
1≤|β|≤3
|∂βG|2
)
dxdvdτ ≤ C(N (0) + ε 18 ).
12 WANG AND WANG
The proof of (3.5) in Theorem 3.1 will be done through the suitable combination of Proposition 3.1
and Proposition 3.2 below by multiplying (3.34) with a large constant C and then adding the resulting
equality and (3.8) together.
Once we proved Theorem 3.1, we can finish the proof of Theorem 1.1. The global-in-time existence
of solution follows immediately from Lemma 2.1 (Local-in-time existence) and Theorem 3.1 (A priori
estimates). Then we only need to justify the time-asymptotic stability of planar rarefaction wave as in
(1.32). In fact, from (3.5) it holds that
(3.6)

∫ ∞
0
∫ ∫ |∇xG|2
M∗
dvdxdt+
∫ ∞
0
∫ ∫ |∇x(M−M[ρ¯,u¯,θ¯])|2
M∗
dvdxdt ≤ C,∫ ∞
0
∣∣∣ d
dt
∫ ∫ |∇xG|2
M∗
dvdx
∣∣∣dt ≤ ∫ ∞
0
∫ ∫
ν(v)
M∗
(|∇xG|2 + |∇xGt|2)dvdxdt ≤ C,∫ ∞
0
∣∣∣ d
dt
∫ ∫ |∇x(M−M[ρ¯,u¯,θ¯])|2
M∗
dvdx
∣∣∣dt
≤
∫ ∞
0
∫ ∫
1
M∗
(|∇x(M−M[ρ¯,u¯,θ¯])|2 + |∂t∇x(M−M[ρ¯,u¯,θ¯])|2)dvdxdt
≤ C
∑
1≤|α|≤2
∫ ∞
0
‖∂α(φ,ψ, ζ)‖2dt ≤ C,
which implies
(3.7) lim
t→∞
∫
R3
∫
D
|∇xG|2 + |∇x(M−M[ρ¯,u¯,θ¯])|2
M∗
dxdv = 0.
Then by three-dimensional Sobolev’s inequality (2.3), one has∥∥∥ ∫ |G|2 + |M−M[ρ¯,u¯,θ¯]|2
M∗
dv
∥∥∥
L∞x
≤ C
(∫ ∫ |G|2
M∗
dvdx
) 1
2
( ∫ ∫ |∇xG|2
M∗
dvdx
) 1
2
+C
(∫ ∫ |∇xG|2
M∗
dvdx
) 1
2
(∫ ∫ |∇2xG|2
M∗
dvdx
) 1
2
+C
(∫ ∫ |(M−M[ρ¯,u¯,θ¯])|2
M∗
dvdx
) 1
2
(∫ ∫ |∇x(M−M[ρ¯,u¯,θ¯])|2
M∗
dvdx
) 1
2
+C
(∫ ∫ |∇x(M−M[ρ¯,u¯,θ¯])|2
M∗
dvdx
) 1
2
(∫ ∫ |∇2x(M−M[ρ¯,u¯,θ¯])|2
M∗
dvdx
) 1
2
,
which together with (3.5) and (3.7) yields
lim
t→∞ supx∈D
∫ |G|2 + |M−M[ρ¯,u¯,θ¯]|2
M∗
(t, x, v)dv = 0.
Thus
lim
t→∞ supx∈D
∫
R3
|f −M[ρ¯,u¯,θ¯]|2
M∗
(t, x, v)dv
≤ 2 lim
t→∞ supx∈D
∫
R3
|G|2 + |M−M[ρ¯,u¯,θ¯]|2
M∗
(t, x, v)dv = 0,
which verifies (1.32), hence the proof of Theorem 1.1 is completed. 
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In the following subsections, we will prove the a priori estimates in Theorem 3.1 by the suitable com-
binations of the lower order estimates in Proposition 3.1 and the higher order estimates in Proposition
3.2.
3.1. Lower order estimates. We start from the lower order estimates.
Proposition 3.1. Under the a priori assumption (3.3), it holds that
(3.8)
‖(φ,ψ, ζ)(t)‖2 +
∫ ∫ |G˜|2
M∗
(t, x, v)dxdv +
∫ t
0
‖√u¯1x1(φ,ψ1, ζ)‖2dτ
+
∑
|α′|=1
∫ t
0
‖∂α′(φ,ψ, ζ)‖2dτ +
∫ t
0
∫ ∫
ν(v)
M∗
|G˜|2dvdxdτ
≤ C‖(φ0, ψ0, ζ0,∇φ0)‖2 + Cε
1
8 +C
∫ ∫ |G˜|2
M∗
(0, x, v)dxdv
+C‖∇φ(t)‖2 + C
∫ t
0
∫ ∫
ν(v)
M∗
|(Gt,∇xG)|2dvdxdτ.
Proof. First, define the macroscopic entropy by
−3
2
ρS =
∫
M lnMdv.
Multiplying the equation (1.1) by lnM and integrating over v, it holds that
−
(
3
2
ρS
)
t
− divx
(
3
2
ρuS
)
+∇x
(∫
(v lnM)Gdv
)
=
∫
Gv · ∇xM
M
dv.
Direct computations yields
S = −2
3
ln ρ+ ln(
4pi
3
θ) + 1, p =
2
3
ρθ = kρ
5
3 exp(S).
Denote
X =
(
ρ,m1,m2,m3, E
)t
, with mi = ρui (i = 1, 2, 3), E = ρ
(
θ +
|u|2
2
)
,
Y =
(
ρu, ρuu1 + pI1, ρuu2 + pI2, ρuu3 + pI3, ρu
(
θ +
|u|2
2
)
+ pu
)t
,
where I1 = (1, 0, 0)
t, I2 = (0, 1, 0)
t, I3 = (0, 0, 1)
t. Then the conservation law (1.20) can be rewritten as
Xt + divY
=

0
∂j
[
µ(θ)
(
∂ju1 + ∂1uj − 2
3
δj1divu
)]− ∫ v1v · ∇xΠdv
∂j
[
µ(θ)
(
∂ju2 + ∂2uj − 2
3
δj2divu
)]− ∫ v2v · ∇xΠdv
∂j
[
µ(θ)
(
∂ju3 + ∂3uj − 2
3
δj3divu
)]− ∫ v3v · ∇xΠdv
div
(
κ(θ)∇θ)+ div[µ(θ)(∇u+ (∇u)t − 2
3
Idivu
)]− ∫ 1
2
|v|2v · ∇xΠdv

,
where ∂j = ∂xj (j = 1, 2, 3) and I is the 3× 3 unit matrix. Here and in the sequel div and ∇ denote the
divergence and gradient operator with respect to the spatial variable x if without confusions. Define a
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relative entropy-entropy flux pair (η, q) around the local Maxwellian M[ρ¯,u¯,θ¯] as
η = θ¯
{
−3
2
ρS +
3
2
ρ¯S¯ +
3
2
∇X(ρS)
∣∣∣
X=X¯
· (X− X¯)
}
,
qj = θ¯
{
−3
2
ρujS +
3
2
ρ¯u¯j S¯ +
3
2
∇X(ρS)
∣∣∣
X=X¯
· (Yj − Y¯j)
}
, j = 1, 2, 3.
Here, we can compute that
(ρS)ρ = S +
|u|2
2θ
− 5
3
, (ρS)mi = −
ui
θ
, i = 1, 2, 3, (ρS)E =
1
θ
,
and then 
η =
3
2
{
ρθ − θ¯ρS + ρ
[(
S¯ − 5
3
)
θ¯ +
|u− u¯|2
2
]
+
2
3
ρ¯θ¯
}
=
3
2
(
1
2
ρ|u− u¯|2 + 2
3
ρθ¯Ψ
(
ρ¯
ρ
)
+ ρθ¯Ψ
(
θ
θ¯
))
,
qj = ujη + (uj − u¯j)(ρθ − ρ¯θ¯), j = 1, 2, 3,
where Ψ(s) = s− ln s− 1 is a strictly convex function around s = 1. Then, for any X in the closed and
bounded region of
∑
= {X : ρ > 0, θ > 0}, there exists a positive constant C˜ such that
C˜−1|(φ,ψ, ζ)|2 ≤ η ≤ C˜|(φ,ψ, ζ)|2.
Direct computations yield that
ηt + divq +
3κ(θ)θ¯
2θ2
|∇ζ|2 + 3µ(θ)θ¯
2θ
[(∇ψ + (∇ψ)t)2
2
− 2
3
(divψ)2
]
−
[
∇(ρ¯,u¯,S¯)η · (ρ¯, u¯, S¯)t +∇(ρ¯,u¯,S¯)q · (ρ¯, u¯, S¯)x1
]
=
3
2
{
div
(
κ(θ)ζ∇ζ
θ
)
(3.9)
+div
[
ψµ(θ)
(
∇u+ (∇u)t − 2
3
Idivu
)]
+ div
(2
3
µ(θ)ψu¯1x1
)
− ∂1
(
2µ(θ)ψ1u¯1x1
)}
+
3
2
{(κ(θ)
θ2
+
κ′(θ)
θ
)
ζ∂1ζθ¯x1 +
κ′(θ)
θ
ζθ¯2x1 +
κ(θ)
θ
ζθ¯x1x1 +
4µ(θ)ζ
θ
(
∂1ψ1 − divψ
3
)
u¯1x1
+
4µ(θ)
3θ
ζu¯21x1 +
4
3
µ′(θ)ψ1θ¯x1 u¯1x1 +
4
3
µ(θ)ψ1u¯1x1x1 + 2µ
′(θ)
[
ψ1∂1ζ − 1
3
ψ · ∇ζ]u¯1x1}
+
3
2
{
− div
[ζ
θ
∫
1
2
|v|2vΠdv
]
+
(∫ 1
2
|v|2vΠdv
)
· ∇
(ζ
θ
)
− ∂j
( θ¯
θ
ψi
∫
vivjΠdv
)
+∂j
( θ¯
θ
ψi
) ∫
vivjΠdv + div
[ζu¯1
θ
∫
v1vΠdv
]
−
( ∫
v1vΠdv
)
· ∇
(ζu¯1
θ
)}
.
There exists a positive constant C > 0 such that
−
[
∇(ρ¯,u¯,S¯)η · (ρ¯, u¯, S¯)t +∇(ρ¯,u¯,S¯)q · (ρ¯, u¯, S¯)x1
]
= u¯1x1
[3
2
ρ(u1 − u¯1)2 + 2
3
ρθ¯Ψ
( ρ¯
ρ
)
+ ρθ¯Ψ
(θ
θ¯
)]
+
3
2
θ¯x1ρ(u1 − u¯1)(
2
3
ln
ρ¯
ρ
+ ln
θ
θ¯
)
≥ C−1u¯1x1(φ2 + ψ21 + ζ2).
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Integrating (3.9) with respect to t, x over [0, t] ×D yields that
(3.10)
‖(φ,ψ, ζ)(t)‖2 +
∫ t
0
[
‖(∇ψ,∇ζ)‖2 + ‖√u¯1x1(φ,ψ1, ζ)‖2]dτ
≤ C‖(φ0, ψ0, ζ0)‖2 + C
∣∣∣ ∫ t
0
∫ [(κ(θ)
θ2
+
κ′(θ)
θ
)
ζ∂1ζθ¯x1
+
4µ(θ)ζ
θ
(
∂1ψ1 − divψ
3
)
u¯1x1 + 2µ
′(θ)
(
ψ1∂1ζ − 1
3
ψ · ∇ζ
)
u¯1x1
]
dxdτ
∣∣∣
+ C
∣∣∣ ∫ t
0
∫ [κ′(θ)
θ
ζθ¯2x1 +
κ(θ)
θ
ζθ¯x1x1 +
4µ(θ)
3θ
ζu¯21x1 +
4
3
µ′(θ)ψ1θ¯x1u¯1x1
+
4
3
µ(θ)ψ1u¯1x1x1
]
dxdτ
∣∣∣+ C∣∣∣ ∫ t
0
∫ [(∫ 1
2
|v|2vΠdv
)
· ∇
(ζ
θ
)
+
(∫
vivjΠdv
)
∂j
( θ¯
θ
ψi
)
−
(∫
v1vΠdv
)
· ∇
(ζu¯1
θ
)]
dxdτ
∣∣∣
:= C‖(φ0, ψ0, ζ0)‖2 +
3∑
i=1
Ii.
First, by the Cauchy’s inequality and (3.3), it holds that
(3.11)
∫ t
0
∫
u¯21x1 |ψ|2dxdτ ≤ Cε
1
8
∫ t
0
∫
T2
(1 + τ)−
7
8 ‖ψ‖2L∞x1 (R)dx2dx3dτ
≤ Cε 18
∫ t
0
∫
T2
(1 + τ)−
7
8 ‖ψ‖L2x1 (R)‖∂1ψ‖L2x1 (R)dx2dx3dτ
≤ Cε 18
∫ t
0
(1 + τ)−
7
8‖ψ‖‖∂1ψ‖dτ ≤ Cε
1
8
∫ t
0
‖∂1ψ‖2dτ + Cε
1
8 ,
which yields
(3.12)
I1 ≤ 1
8
∫ t
0
‖(∇ψ,∇ζ)‖2dτ + C
∫ t
0
∫
u¯21x1
(|ψ|2 + ζ2)dxdτ
≤
(1
8
+ Cε
1
8
)∫ t
0
‖(∇ψ,∇ζ)‖2dτ + Cε 18 .
Similar to (3.11), one has
(3.13)
I2 ≤ Cε
1
8
∫ t
0
∫
(|ψ1|+ |ζ|)(u¯21x1 + u¯1x1x1)dxdτ
≤ Cε 18
∫ t
0
‖∂1(ψ1, ζ)‖2dτ + Cε
1
8 .
It follows from Cauchy’s inequality and (3.3) that
(3.14)
I3 ≤ 1
8
∫ t
0
‖(∇ψ,∇ζ)‖2dτ + C
∫ t
0
‖u¯1x1(ψ, ζ)‖2dτ
+C
∫ t
0
∫ [∣∣∣ ∫ 1
2
|v|2vΠdv
∣∣∣2 + 3∑
i,j=1
∣∣∣ ∫ vivjΠdv∣∣∣2
]
dxdτ.
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Note that by (1.19), it holds that
(3.15)
∣∣∣ ∫ 1
2
|v|2vΠdv
∣∣∣ = ∣∣∣ ∫ 1
2
|v|2vL−1
M
[Gt +P1(v · ∇xG)− 2Q(G,G)]dv
∣∣∣
:=
3∑
i=1
I3i.
Choose the global Maxellian M∗ = M[ρ∗,u∗,θ∗] such that
(3.16) ρ∗ > 0,
1
2
θ(t, x) < θ∗ < θ(t, x),
and
(3.17) |ρ(x, t)− ρ∗|+ |u(x, t)− u∗|+ |θ(x, t)− θ∗| < η0
with η0 being the small positive constant in Lemma 2.5. Then with such chosen M∗, it holds that
(3.18)
I31 =
∣∣∣ ∫ 1
2
|v|2vL−1
M
Gtdv
∣∣∣
≤
(∫ ν(v)
M∗
|L−1
M
Gt|2dv
) 1
2
(∫
M∗ν(v)−1
(1
2
|v|2v
)2
dv
) 1
2
≤ C
(∫ ν(v)−1
M∗
|Gt|2dv
) 1
2
,
and
(3.19)
I32 =
∣∣∣ ∫ 1
2
|v|2vL−1
M
[P1(v · ∇xG)]dv
∣∣∣
≤ C
(∫ ν(v)
M[ρ∗,u∗,2θ∗]
|L−1
M
[P1(v · ∇xG)]|2dv
) 1
2
≤ C
(∫ ν(v)−1
M[ρ∗,u∗,2θ∗]
|P1(v · ∇xG)|2dv
) 1
2
≤ C
(∫ ν(v)−1
M∗
|∇xG|2dv
) 1
2
.
Furthermore, one has
I33 =
∣∣∣ ∫ 1
2
|v|2vL−1
M
[Q(G,G)]dv
∣∣∣ ≤ C(∫ ν(v)
M∗
|L−1
M
[Q(G,G)]|2dv
) 1
2
≤ C
(∫ ν(v)−1
M∗
|Q(G,G)|2dv
) 1
2 ≤ C
(∫ ν(v)
M∗
|G|2dv
) 1
2
( ∫ |G|2
M∗
dv
) 1
2
≤ C
(∫ ν(v)
M∗
|G˜|2dv
) 1
2
(∫ |G˜|2
M∗
dv
) 1
2
(3.20)
+C|(θ¯x1 , u¯1x)|
( ∫ ν(v)
M∗
|G˜|2dv
) 1
2
+ C|(θ¯x1 , u¯1x1)|2
≤ C(χ+ ε)
( ∫ ν(v)
M∗
|G˜|2dv
) 1
2
+ C|(θ¯x1 , u¯1x1)|2.
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Substituting (3.18)-(3.20) into (3.15) and then into (3.14), one can obtain
(3.21)
I3 ≤
(1
8
+ Cε
1
8
)∫ t
0
‖(∇ψ,∇ζ)‖2dτ + C
∫ t
0
∫ ∫
ν(v)
M∗
|(Gt,∇xG)|2dvdxdτ
+C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
|G˜|2dvdxdτ + Cε 18 .
Substituting the estimates for Ii(i = 1, 2, 3) in (3.12), (3.13) and (3.21) into (3.10) gives the first-step
lower order estimates
(3.22)
‖(φ,ψ, ζ)(t)‖2 +
∫ t
0
‖(∇ψ,∇ζ)‖2dτ +
∫ t
0
‖√u¯1x1(φ,ψ1, ζ)‖2dτ
≤ C‖(φ0, ψ0, ζ0)‖2 + Cε
1
8 + C
∫ t
0
∫ ∫
ν(v)
M∗
|(Gt,∇xG)|2dvdxdτ
+C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
|G˜|2dvdxdτ.
Since there is no dissipation for the density function, we want to get the estimation of ∇φ next. For
this, by the system (1.14) and (1.29), we obtain the following form for the system of the perturbation
(φ,ψ, ζ):
(3.23)

φt + u · ∇φ+ ρdivψ + ψ · ∇ρ¯+ φdivu¯ = 0,
ψt + u · ∇ψ + 2θ
3ρ
∇φ+ 2
3
∇ζ + ψ · ∇u¯+ 2
3
(θ
ρ
− θ¯
ρ¯
)
∇ρ¯
= −1
ρ
∫
v ⊗ v · ∇xGdv,
ζt + u · ∇ζ + 2
3
θdivψ + ψ · ∇θ¯ + 2
3
ζdivu¯
=
1
ρ
[
−
∫
1
2
|v|2v · ∇xGdv + u ·
∫
v ⊗ v · ∇xGdv
]
.
Then from the structure of perturbation equation (3.23)2, it can be seen that the gradient of pressure,
i.e., ∇p can deduce the estimation of ∇φ, which is quite different from compressible Navier-Stokes
system case in [21]. More precisely, multiplying (3.23)2 by ∇φ and integrating over [0, t] × D lead to
(3.24)
∫
ψ · ∇φdx
∣∣∣t
0
+
∫ t
0
∫
2θ
3ρ
|∇φ|2dxdτ
=
∫ t
0
∫
divψ(u · ∇φ+ ρdivψ + ψ · ∇ρ¯+ φdivu¯)dxdτ
−
∫ t
0
∫ [
u · ∇ψ + 2
3
∇ζ + ψ · ∇u¯+ 2
3
(θ
ρ
− θ¯
ρ¯
)
∇ρ¯
+
1
ρ
∫
v ⊗ v · ∇xGdv
]
· ∇φdxdτ,
where in the above equality we have used (3.23)1 and the following fact∫
ψt · ∇φdx = d
dt
∫
ψ · ∇φdx−
∫
ψ · ∇φt dx = d
dt
∫
ψ · ∇φdx+
∫
divψφt dx
=
d
dt
∫
ψ · ∇φdx−
∫
divψ(u · ∇φ+ ρdivψ + ψ · ∇ρ¯+ φdivu¯)dx.
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It follows from (3.24) and Cauchy’s inequality that
(3.25)
∫ t
0
‖∇φ‖2dτ ≤ C‖(ψ0,∇φ0)‖2 +C‖(ψ,∇φ)(t)‖2 +C
∫ t
0
‖(∇ψ,∇ζ)‖2dτ
+Cε
∫ t
0
‖√u¯1x1(φ,ψ1, ζ)‖2dτ + C ∫ t
0
∫ ∫
ν(v)
M∗
|∇xG|2dvdxdτ.
Then we derive the estimation of (φt, ψt, ζt). Multiplying the equation (3.23)1 by φt, (3.23)2 by ψt,
(3.23)3 by ζt respectively, then integrating over [0, t]× D, we have
(3.26)
∫ t
0
‖(φt, ψt, ζt)‖2dτ ≤ C
∫ t
0
‖∇(φ,ψ, ζ)‖2dτ
+Cε
∫ t
0
‖√u¯1x1(φ,ψ1, ζ)‖2dτ + C ∫ t
0
∫ ∫
ν(|v|)
M∗
|∇xG|2dvdxdτ.
Combining (3.22), (3.25) and (3.26) together gives that
(3.27)
‖(φ,ψ, ζ)(t)‖2 +
∫ t
0
[ ∑
|α′|=1
‖∂α′(φ,ψ, ζ)‖2 + ‖√u¯1x1(φ,ψ1, ζ)‖2]dτ
≤ C‖(φ0, ψ0, ζ0,∇φ0)‖2 + Cε 18 + C
∫ t
0
∫ ∫
ν(v)
M∗
|(Gt,∇xG)|2dvdxdτ
+C‖∇φ(t)‖2 + C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
|G˜|2dvdxdτ.
Now we do the microscopic estimates. By (1.15) and (3.1), G˜ satisfies the equation
(3.28) G˜t − LMG˜ = − 3
2θ
P1
[
v ·
(
v · ∇ψ + |v − u|
2
2θ
∇ζ
)
M
]
−P1(v · ∇xG) +Q(G,G)− G¯t.
Multiplying the equation (3.28) by G˜
M∗ , and then integrating over [0, t]× D× R3 yield that
(3.29)
∫ ∫ |G˜|2
2M∗
dvdx
∣∣∣t
0
−
∫ t
0
∫ ∫
G˜
M∗
LMG˜dvdxdτ
=
∫ t
0
∫ ∫ {
− 3
2θ
P1
[
v ·
(
v · ∇ψ + |v − u|
2
2θ
∇ζ
)
M
]
−P1(v · ∇xG) +Q(G,G) − G¯t
} G˜
M∗
dvdxdτ :=
7∑
i=4
Ii.
By Cauchy’s inequality, we have
(3.30)
|I4|, |I5| ≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|G˜|2dvdxdτ + C
∫ t
0
‖(∇ψ,∇ζ)‖2dτ
+ C
∫ t
0
∫ ∫
ν(v)
M∗
|∇xG|2dvdxdτ.
Similar to (3.20) and by Cauchy’s inequality and Lemma 2.4, one has
|I6| ≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|G˜|2dvdxdτ + C
∫ t
0
∫ ∫
ν(v)−1
M∗
|Q(G,G)|2dvdxdτ
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(3.31)
≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|G˜|2dvdxdτ +C
∫ t
0
∫ (∫ ν(v)
M∗
|G|2dv ·
∫ |G|2
M∗
dv
)
dxdτ
≤
( σ˜
8
+ C(χ+ ε)
) ∫ t
0
∫ ∫
ν(v)
M∗
|G˜|2dvdxdτ + Cε.
It follows from the Cauchy’s inequality and Lemma 2.3 that
(3.32)
|I7| ≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|G˜|2dvdxdτ + C
∫ t
0
∫ ∫
ν(v)
M∗
|G¯t|2dvdxdτ
≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|G˜|2dvdxdτ
+ C
∫ t
0
∫ (
|(u¯1x1t, θ¯x1t)|2 + |(ρt, ut, θt)|2|(u¯1x1 , θ¯x1)|2
)
dxdτ
≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|G˜|2dvdxdτ + Cε
∫ t
0
‖(φt, ψt, ζt)‖2dτ + Cε.
Substituting (3.30)-(3.32) into (3.29) gives that
(3.33)
∫ ∫ |G˜|2
M∗
(t, x, v)dxdv +
∫ t
0
∫ ∫
ν(v)
M∗
|G˜|2dvdxdτ
≤ C
∫ ∫ |G˜|2
M∗
(0, x, v)dxdv + Cε
∫ t
0
‖(φt, ψt, ζt)‖2dτ
+ C
∫ t
0
‖(∇ψ,∇ζ)‖2dτ + C
∫ t
0
∫ ∫
ν(v)
M∗
|∇xG|2dvdxdτ + Cε,
which along with (3.27) yields (3.8), and the proof of Proposition 3.1 is completed. 
3.2. Higher order estimates. In this subsection, we will consider the higher order energy estimates.
Proposition 3.2. Under the a priori assumption (3.3), it holds that
(3.34)
‖∇(ρ, u, θ)(t)‖2H1 +
∫ ∫ ( ∑
1≤|α|≤2
|∂αG|2
M∗
+
∑
|β|=3
|∂βf |2
M∗
)
(t, x, v)dvdx
+
∑
2≤|β′|≤3
∫ t
0
‖∂β′(ρ, u, θ)‖2dτ +
∑
1≤|γ|≤3
∫ t
0
∫ ∫
ν(v)
M∗
|∂γG|2dvdxdτ
≤ C‖∇3ρ0‖2 + C
∫ ∫ ( ∑
1≤|α|≤2
|∂αG|2
M∗
+
∑
|β|=3
|∂βf |2
M∗
)
(0, x, v)dvdx
+C‖∇(ρ0, u0, θ0)‖2H1 + C(χ+ ε+ η0)
∑
|α′|=1
∫ t
0
‖∂α′(φ,ψ, ζ)‖2dτ
+C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
|G˜|2dvdxdτ + Cε 12 .
The proof of Proposition 3.2 is divided into the following five steps.
• Step 1. Estimate of sup
t∈[0,T ]
‖∇(ρ, u, θ)(t)‖2:
‖∇(ρ, u, θ)(t)‖2 +
∑
|α|=2
∫ t
0
‖∂α(ρ, u, θ)‖2dτ
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(3.35)
≤ C‖∇(ρ0, u0, θ0),∇2ρ0‖2 + C(χ+ ε)
∑
|α′|=1
∫ t
0
‖∂α′(φ,ψ, ζ)‖2dτ
+Cε
1
2 +C‖∇2ρ(t)‖2 + C
∑
|α|=2
∫ t
0
∫ ∫
ν(v)
M∗
|∂αG|2dvdxdτ
+C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
|(G˜,Gt,∇xG)|2dvdxdτ.
Proof of (3.35). We simply use the system (1.20) for (ρ, u, θ) with diffusion terms in order to obtain
the estimates of
∫ t
0 ‖∂α(ρ, u, θ)‖dτ for |α| = 2 rather than the system for the perturbation (φ,ψ, ζ) due
to the fact that the rarefaction wave itself has the decay-in-time ‖(ρ¯, u¯1, θ¯)x1x1‖2 ∼ (1 + t)−2, which is
integrable with respect to t. Therefore, we rewrite the system (1.20) as
(3.36)

ρt + u · ∇ρ+ ρdivu = 0,
ut + u · ∇u+ 2θ
3ρ
∇ρ+ 2
3
∇θ = µ(θ)
ρ
(
∆u+
1
3
∇divu)
+
µ′(θ)
ρ
∇θ · (∇u+ (∇u)t − 2
3
Idivu
)− 1
ρ
∫
v ⊗ v · ∇xΠdv,
θt + u · ∇θ + 2
3
θdivu =
κ(θ)
ρ
∆θ
+
κ′(θ)
ρ
|∇θ|2 + µ(θ)
ρ
[(∇u+ (∇u)t)2
2
− 2
3
(divu)2
]
+
1
ρ
(
−
∫
1
2
|v|2v · ∇xΠdv + u ·
∫
v ⊗ v · ∇xΠdv
)
.
First we estimate
∫ t
0 ‖∂α(u, θ)‖dτ for |α| = 2. Applying the operator ∂i = ∂xi (i = 1, 2, 3) to the above
system yields
(3.37)

∂iρt + u · ∇∂iρ+ ρ∂idivu+ ∂iu · ∇ρ+ ∂iρdivu = 0,
∂iut + u · ∇∂iu+ 2θ
3ρ
∇∂iρ+ 2
3
∇∂iθ + ∂iu · ∇u+ ∂i
(2θ
3ρ
)
∇ρ
=
µ(θ)
ρ
(
∆∂iu+
1
3
∇∂idivu
)
+ ∂i
(µ(θ)
ρ
)(
∆u+
1
3
∇divu)
+∂i
(µ′(θ)
ρ
)
∇θ · (∇u+ (∇u)t − 2
3
Idivu
)
+
µ′(θ)
ρ
∇∂iθ ·
(∇u+ (∇u)t − 2
3
Idivu
)
+
µ′(θ)
ρ
∇θ · ∂i
(∇u+ (∇u)t − 2
3
Idivu
)− ∂i(1
ρ
∫
v ⊗ v · ∇xΠdv
)
,
∂iθt + u · ∇∂iθ + 2
3
θ∂idivu+ ∂iu · ∇θ + 2
3
∂iθdivu
=
κ(θ)
ρ
∆∂iθ + ∂i
(κ(θ)
ρ
)
∆θ + ∂i
(κ′(θ)
ρ
)
|∇θ|2 + 2κ
′(θ)
ρ
∇θ · ∂i∇θ
+∂i
(µ(θ)
ρ
)[(∇u+ (∇u)t)2
2
− 2
3
(divu)2
]
+
µ(θ)
ρ
∂i
[(∇u+ (∇u)t)2
2
− 2
3
(divu)2
]
+∂i
[1
ρ
(
−
∫
1
2
|v|2v · ∇xΠdv + u ·
∫
v ⊗ v · ∇xΠdv
)]
.
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Multiplying the equation (3.37)1 by
2θ
3ρ2
∂iρ, (3.37)2 by ∂iu and (3.37)3 by
∂iθ
θ
, respectively, and then
adding them together and integrating over [0, t]× D lead to
(3.38)
‖∇(ρ, u, θ)(t)‖2 − ‖∇(ρ0, u0, θ0)‖2 +
∫ t
0
‖∇2(u, θ)‖2dτ
≤ C
∣∣∣ ∫ t
0
∫ {
∂iu · ∇
(2θ
3ρ
)
∂iρ+
( θ
ρ2
divu+
θt + u · ∇θ
3ρ2
)
|∂iρ|2 + 1
2
divu|∂iu|2
+
[( 1
2θ
)
t
+ div
( u
2θ
)]
|∂iθ|2 − (∂iu · ∇ρ+ ∂iρdivu) 2θ
3ρ2
∂iρ
−
[
∂iu · ∇u+ ∂i
(2θ
3ρ
)
∇ρ
]
∂iu− [∂iu · ∇θ + 2
3
∂iθdivu]
∂iθ
θ
}
dxdτ
∣∣∣
+C
∣∣∣ ∫ t
0
∫ {
∂i
(µ(θ)
ρ
)(
∆u+
1
3
∇divu)∂iu+ ∂i(κ(θ)
ρ
)
∆θ
∂iθ
θ
−∇∂iu · ∇
(µ(θ)
ρ
)
∂iu− ∂idivu∂iu · ∇
(µ(θ)
ρ
)
−∇∂iθ · ∇
(κ(θ)
ρθ
)
∂iθ
+
µ′(θ)
ρ
∂i
[
∇θ · (∇u+ (∇u)t − 2
3
Idivu
)]
∂iu
+
2κ′(θ)
ρ
∇θ · ∂i∇θ∂iθ
θ
+
µ(θ)
ρ
∂iθ
θ
∂i
[(∇u+ (∇u)t)2
2
− 2
3
(divu)2
]}
dxdτ
∣∣∣
+C
∣∣∣ ∫ t
0
∫ {
∂i
(µ′(θ)
ρ
)
∇θ · [∇u+ (∇u)t − 2
3
Idivu
]
∂iu+ ∂i
(κ′(θ)
ρ
)
|∇θ|2∂iθ
θ
+∂i
(µ(θ)
ρ
)[(∇u+ (∇u)t)2
2
− 2
3
(divu)2
]∂iθ
θ
}
dxdτ
∣∣∣
+C
∣∣∣ ∫ t
0
∫ {1
ρ
(∫
v ⊗ v · ∇xΠdv
)
∂2i u
−1
ρ
(
−
∫
1
2
|v|2v · ∇xΠdv + u ·
∫
v ⊗ v · ∇xΠdv
)
∂i
(∂iθ
θ
)}
dxdτ
∣∣∣
:=
11∑
i=8
Ii.
We now estimate I8 in (3.38). By Lemma 2.3, we can estimate the triple nonlinear terms as∫ t
0
∫
|∇ρ||∇u||∇θ|dxdτ ≤
∫ t
0
∫
(|∇φ|+ |ρ¯x1 |)(|∇ψ| + u¯1x1)(|∇ζ|+ |θ¯x1 |)dxdτ
≤
∫ t
0
∫ [|∇φ||∇ψ||∇ζ|+ u¯1x1(|∇φ||∇ζ|+ |∇ψ||∇ζ|+ |∇φ||∇ψ|)
+ u¯21x1(|∇φ|+ |∇ψ|+ |∇ζ|) + u¯31x1
]
dxdτ
≤ C(χ+ ε)
∫ t
0
‖∇(φ,ψ, ζ)‖2dτ + Cε 12 .
Then we have
(3.39) I8 ≤ C(χ+ ε)
∫ t
0
(‖∇(φ,ψ, ζ)‖2 + ‖ζt‖2)dτ + Cε.
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We then estimate the typical term in I9 as
(3.40)
∫ t
0
∫
|∇2u||∇θ||∇u|dxdτ ≤ C
∫ t
0
∫
|∇2u|(|∇ζ|+ |θ¯x1 |)(|∇ψ| + u¯x1)dxdτ
≤ C
∫ t
0
∫
|∇2u|[|∇ζ||∇ψ|+ u¯1x1(|∇ψ|+ |∇ζ|+ u¯21x1)]dxdτ
≤ C(χ+ ε)
∫ t
0
(‖∇2u‖2 + ‖∇(ψ, ζ)‖2)dτ + Cε 12 .
The term I10 is the higher nonlinear term compared with I8 and I9 and is easier to estimate. Similar
to (3.15), it holds that
(3.41)
∣∣∣ ∫ v ⊗ v · ∇xΠdv∣∣∣
≤ C
(∫ ν(v)
M∗
|(∇xGt,∇2xG)|2dv
) 1
2
+ C(χ+ ε)
( ∫ ν(v)
M∗
|G˜|2dv
) 1
2
+C(χ+ ε)
( ∫ ν(v)
M∗
|(Gt,∇xG)|2dv
) 1
2
+ C|(u¯1x1 , θ¯x1)|2,
which together with Cauchy’s inequality gives
(3.42)
I11 ≤ C
∫ t
0
(‖∇2(u, θ)‖+ ‖∇θ‖2L4)‖
∫
v ⊗ v · ∇xΠdv‖dτ
≤ 1
4
∫ t
0
‖∇2(u, θ)‖2dτ + C
∫ t
0
∫ ∫
ν(v)
M∗
|(∇xGt,∇2xG)|2dvdxdτ + Cε
+ C(χ+ ε)
∫ t
0
‖∇ζ‖2dτ + C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
|(Gt,∇xG, G˜)|2dvdxdτ.
Substituting (3.39), (3.40) and (3.42) into (3.38) yields
(3.43)
‖∇(ρ, u, θ)(t)‖2 +
∫ t
0
‖∇2(u, θ)‖2dτ
≤ C‖∇(ρ0, u0, θ0)‖2 + Cε 12 + C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
|(G˜,Gt,∇xG)|2dvdxdτ
+ C(χ+ ε)
∑
|α′|=1
∫ t
0
‖∂α′(φ,ψ, ζ)‖2dτ + C
∫ t
0
∫ ∫
ν(v)
M∗
|(∇xGt,∇2xG)|2dvdxdτ.
Next, we estimate
∫ t
0
‖∇2ρ‖2dτ . For this, we use the system (1.14) and rewrite it as
(3.44)

ρt + u · ∇ρ+ ρdivu = 0,
ut + u · ∇u+ 2θ
3ρ
∇ρ+ 2
3
∇θ = −1
ρ
∫
v ⊗ v · ∇xGdv,
θt + u · ∇θ + 2
3
θdivu =
1
ρ
(− ∫ 1
2
|v|2v · ∇xGdv + u ·
∫
v ⊗ v · ∇xGdv
)
.
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Then applying ∂i = ∂xi (i = 1, 2, 3) to the above system leads to
(3.45)

∂iρt + u · ∇∂iρ+ ρ∂idivu+ ∂iu · ∇ρ+ ∂iρdivu = 0,
∂iut + u · ∇∂iu+ 2θ
3ρ
∇∂iρ+ 2
3
∇∂iθ + ∂iu · ∇u+ ∂i
(2θ
3ρ
)
∇ρ
=
∂iρ
ρ2
∫
v ⊗ v · ∇xGdv − 1
ρ
∫
v ⊗ v · ∇x∂iGdv,
∂iθt + u · ∇∂iθ + 2
3
θ∂idivu+ ∂iu · ∇θ + 2
3
∂iθdivu
= −∂iρ
ρ2
(
−
∫
1
2
|v|2v · ∇xGdv + u ·
∫
v ⊗ v · ∇xGdv
)
+
1
ρ
(
−
∫
1
2
|v|2v · ∇x∂iGdv + u ·
∫
v ⊗ v · ∇x∂iGdv
+∂iu ·
∫
v ⊗ v · ∇xGdv
)
.
Multiplying the equation (3.45)2 by ∇∂iρ and integrating over [0, t] × D yield
(3.46)
∫
∂iu · ∇∂iρ dx
∣∣∣t
0
+
∫ t
0
∫
2θ
3ρ
|∇∂iρ|2dxdτ
=
∫ t
0
∫
∂idivu(u · ∇∂iρ+ ρ∂idivu+ ∂iu · ∇ρ+ ∂iρdivu)dxdτ
−
∫ t
0
∫ [
u · ∇∂iu+ 2
3
∇∂iθ + ∂iu · ∇u+ ∂i
(2θ
3ρ
)
∇ρ
]
· ∇∂iρ dxdτ
+
∫ t
0
∫ (∂iρ
ρ2
∫
v ⊗ v · ∇xGdv − 1
ρ
∫
v ⊗ v · ∇x∂iGdv
)
· ∇∂iρ dxdτ,
where in the above equality we have used (3.45)1 and the following identity
(3.47)
∫
∂iut · ∇∂iρ dx = d
dt
∫
∂iu · ∇∂iρ dx−
∫
∂iu · ∇∂iρt dx
=
d
dt
∫
∂iu · ∇∂iρ dx+
∫
∂idivu∂iρt dx
=
d
dt
∫
∂iu · ∇∂iρ dx−
∫
∂idivu(u · ∇∂iρ+ ρ∂idivu+ ∂iu · ∇ρ+ ∂iρdivu)dx.
By (3.46) and Cauchy’s inequality, it holds that
(3.48)
∫ t
0
‖∇2ρ‖2dτ ≤ C‖(∇u0,∇2ρ0)‖2 + Cε+ C‖(∇u,∇2ρ)(t)‖2
+C
∫ t
0
‖∇2(u, θ)‖2dτ +C
∫ t
0
∫ ∫
ν(v)
M∗
|∇2xG|2dvdxdτ
+C(χ+ ε)
∫ t
0
‖∇(φ,ψ, ζ)‖2dτ + C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
|∇xG|2dvdxdτ,
which together with (3.43) implies
(3.49)
‖∇(ρ, u, θ)(t)‖2 +
∫ t
0
‖∇2(ρ, u, θ)‖2dτ
≤ C‖(∇ρ0,∇u0,∇θ0,∇2ρ0)‖2 + Cε 12 + C‖∇2ρ(t)‖2
+C(χ+ ε)
∫ t
0
‖∇(φ,ψ, ζ)‖2dτ + C
∑
|α|=2
∫ t
0
∫ ∫
ν(v)
M∗
|∂αG|2dvdxdτ
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+C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
|(G˜,Gt,∇xG)|2dvdxdτ.
Then we will derive the estimations of ‖∇(ρt, ut, θt)‖ and ‖(ρtt, utt, θtt)‖. First, multiplying the equation
(3.45)1 by ∂iρt, (3.45)2 by ∂iut, (3.45)3 by ∂iθt (i = 1, 2, 3) respectively, then integrating over [0, t]×D,
we have
(3.50)
∫ t
0
‖∇(ρt, ut, θt)‖2dτ ≤ C
∫ t
0
∫ ∫
ν(v)
M∗
|∇2xG|2dvdxdτ + C
∫ t
0
‖∇2(ρ, u, θ)‖2dτ
+C(χ+ ε)
∫ t
0
‖∇(φ,ψ, ζ)‖2dτ + C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
|∇xG|2dvdxdτ + Cε.
Next, applying ∂t to the system (3.44) gives
(3.51)

ρtt + u · ∇ρt + ρdivut + ut · ∇ρ+ ρtdivu = 0,
utt + u · ∇ut + 2θ
3ρ
∇ρt + 2
3
∇θt + ut · ∇u+
(2θ
3ρ
)
t
∇ρ
=
ρt
ρ2
∫
v ⊗ v · ∇xGdv − 1
ρ
∫
v ⊗ v · ∇xGtdv,
θtt + u · ∇θt + 2
3
θdivut + ut · ∇θ + 2
3
θtdivu
= − ρt
ρ2
(
−
∫
1
2
|v|2v · ∇xGdv + u ·
∫
v ⊗ v · ∇xGdv
)
+
1
ρ
(
−
∫
1
2
|v|2v · ∇xGtdv + u ·
∫
v ⊗ v · ∇xGtdv + ut ·
∫
v ⊗ v · ∇xGdv
)
.
Then, multiplying the equation (3.51)1 by ρtt, (3.51)2 by utt, (3.51)3 by θtt respectively, then adding
them together and integrating over [0, t]× D lead to
(3.52)
∫ t
0
‖(ρtt, utt, θtt)‖2dτ ≤ C
∫ t
0
‖∇(ρt, ut, θt)‖2dτ
+C(χ+ ε)
∑
|α′|=1
∫ t
0
‖∂α′(φ,ψ, ζ)‖2dτ + C
∫ t
0
∫ ∫
ν(|v|)
M∗
|∇xGt|2dvdxdτ
+C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
|∇xG|2dvdxdτ + Cε.
where we have used that
(3.53)
∫ t
0
∫
|ut · ∇ρ ρtt|dxdτ ≤ C
∫ t
0
∫ [|ψt||∇φ|+ (|ψt|+ |∇φ|)u¯1x1 + u¯21x1]|ρtt|dxdτ
≤ C(χ+ ε)
∫ t
0
(‖ρtt‖2 + ‖(ψt,∇φ)‖2)dτ + Cε.
Now (3.49), (3.50) and (3.52) can deduce (3.35)directly. 
• Step 2. Estimate of sup
t∈[0,T ]
∫ ∫ |∂α′G|2
M∗
(t, x, v)dvdx (|α′| = 1):
(3.54)
∫ ∫ |∂α′G|2
M∗
(t, x, v)dvdx +
∫ t
0
∫ ∫
ν(v)
M∗
|∂α′G|2dvdxdτ
≤ C
∫ ∫ |∂α′G|2
M∗
(0, x, v)dvdx + C
∫ t
0
‖∂α′∇(u, θ)‖2dτ
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+C(χ+ ε)
∫ t
0
‖∂α′(φ,ψ, ζ)‖2dτ + C
∑
|α|=2
∫ t
0
∫ ∫
ν(v)
M∗
|∂αG|2dvdxdτ
+C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
|G˜|2dvdxdτ +Cε.
Proof of (3.54). Applying ∂α
′
to the equation (1.15) for |α′| = 1, one has,
(3.55)
∂α
′
Gt − LM∂α′G
= −∂α′P1(v · ∇xM)− ∂α′P1(v · ∇xG) + 2Q(∂α′M,G) + 2Q(∂α′G,G).
Multiplying the above equation by ∂
α′G
M∗ , and integrating over [0, t] × D× R3 gives
(3.56)
∫ ∫ |∂α′G|2
2M∗
dvdx
∣∣∣t
0
−
∫ t
0
∫ ∫
∂α
′
G
M∗
LM∂
α′Gdvdxdτ
=
∫ t
0
∫ ∫ [
− ∂α′P1(v · ∇xM)− ∂α′P1(v · ∇xG) + 2Q(∂α′M,G)
+2Q(∂α
′
G,G)
]∂α′G
M∗
dvdxdτ :=
15∑
i=12
Ii.
Note that P1(v · ∇xM) does not contain the density gradient ∇ρ, thus by Cauchy’s inequality, we have
(3.57)
|I12| ≤ C
∫ t
0
∫ [|∂α′∇(u, θ)|+ |∇(ρ, u, θ)||∂α′ (ρ, u, θ)|]( ∫ ν(v)
M∗
|∂α′G|2dv
) 1
2
dxdτ
≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|∂α′G|2dvdxdτ + C
∫ t
0
‖∂α′∇(u, θ)‖2dτ
+ C(χ+ ε)
∫ t
0
‖∂α′(φ,ψ, ζ)‖2dτ + Cε.
Similarly, one has,
(3.58)
|I13| ≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|∂α′G|2dvdxdτ + C
∫ t
0
∫ ∫
ν(v)
M∗
|∂α′∇xG|2dvdxdτ
+C
∫ t
0
∫
|∂α′(ρ, u, θ)|
( ∫ ν(v)
M∗
|∇xG|2dv
) 1
2
(∫ ν(v)
M∗
|∂α′G|2dv
) 1
2
dxdτ
≤
( σ˜
8
+ C(χ+ ε)
) ∫ t
0
∫ ∫
ν(v)
M∗
|∂α′G|2dvdxdτ
+C
∫ t
0
∫ ∫
ν(v)
M∗
|∂α′∇xG|2dvdxdτ.
The Cauchy’s inequality, Lemma 2.4 and assumption (3.4) yield
(3.59)
|I14| ≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|∂α′G|2dvdxdτ +C
∫ t
0
∫ ∫
ν(v)−1
M∗
|Q(∂α′M,G)|2dvdxdτ
≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|∂α′G|2dvdxdτ
+C
∫ t
0
∫ (∫ ν(v)
M∗
|∂α′M|2dv ·
∫
ν(v)
M∗
|G|2dv
)
dxdτ
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≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|∂α′G|2dvdxdτ + C
∫ t
0
∫
|∂α′(ρ, u, θ)|2
(∫ ν(v)
M∗
|G|2dv
)
dxdτ
≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|∂α′G|2dvdxdτ + C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
|G˜|2dvdxdτ
+C(χ+ ε)
∫ t
0
‖∂α′(φ,ψ, ζ)‖2dτ + Cε
and
(3.60)
|I15| ≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|∂α′G|2dvdxdτ + C
∫ t
0
∫ ∫
ν(v)−1
M∗
|Q(∂α′G,G)|2dvdxdτ
≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|∂α′G|2dvdxdτ + C
∫ t
0
∫ (∫ ν(v)
M∗
|∂α′G|2dv ·
∫ |G|2
M∗
dv
+
∫ |∂α′G|2
M∗
dv ·
∫
ν(v)
M∗
|G|2dv
)
dxdτ
≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|∂α′G|2dvdxdτ
+ C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
|(∂α′G, G˜)|2dvdxdτ.
Substituting (3.57)-(3.60) into (3.56) gives (3.54). 
Combining (3.35) and (3.54) together, it holds that
(3.61)
‖∇(ρ, u, θ)(t)‖2 +
∑
|α′|=1
∫ ∫ |∂α′G|2
M∗
(t, x, v)dvdx +
∑
|α|=2
∫ t
0
‖∂α(ρ, u, θ)‖2dτ
+
∑
|α′|=1
∫ t
0
∫ ∫
ν(v)
M∗
|∂α′G|2dvdxdτ
≤ C‖∇ρ0,∇u0,∇θ0,∇2ρ0‖2 + C
∑
|α′|=1
∫ ∫ |∂α′G|2
M∗
(0, x, v)dvdx + C‖∇2ρ(t)‖2
+C(χ+ ε)
∑
|α′|=1
∫ t
0
‖∂α′(φ,ψ, ζ)‖2dτ + C
∑
|α|=2
∫ t
0
∫ ∫
ν(v)
M∗
|∂αG|2dvdxdτ
+C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
|G˜|2dvdxdτ +Cε 12 .
• Step 3. Estimate of sup
t∈[0,T ]
‖∇2(ρ, u, θ)(t)‖2:
(3.62)
‖∇2(ρ, u, θ)(t)‖2 +
∑
|β|=3
∫ t
0
‖∇β(ρ, u, θ)‖2dτ ≤ C‖(∇2ρ0,∇2u0,∇2θ0,∇3ρ0)‖2
+C(χ+ ε)
∑
1≤|α|≤2
∫ t
0
‖∂α(φ,ψ, ζ)‖2dτ + C
∑
|β|=3
∫ t
0
∫ ∫
ν(v)
M∗
|∂βG|2dvdxdτ
+C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
( ∑
1≤|α|≤2
|∂αG|2 + |G˜|2
)
dvdxdτ + C‖∇3ρ(t)‖2 + Cε.
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Proof of (3.62). First, applying ∂j (j = 1, 2, 3) to system (3.37) leads to
(3.63)

∂j∂iρt + u · ∇∂j∂iρ+ ρ∂j∂idivu+ (∂ju · ∇∂iρ+ ∂iu · ∇∂jρ+ divu∂j∂iρ)
+(∂jρ∂idivu+ ∂j∂iu · ∇ρ+ ∂iρ∂jdivu) = 0,
∂j∂iut + u · ∇∂j∂iu+ 2θ
3ρ
∇∂j∂iρ+ 2
3
∇∂j∂iθ + ∂ju · ∇∂iu+ ∂j∂iu · ∇u
+∂iu · ∇∂ju+ ∂j
(2θ
3ρ
)
∇∂iρ+ ∂j∂i
(2θ
3ρ
)
∇ρ+ ∂i
(2θ
3ρ
)
∇∂jρ
=
µ(θ)
ρ
(
∆∂j∂iu+
1
3
∇∂j∂idivu
)
+ ∂j
(µ(θ)
ρ
)(
∆∂iu+
1
3
∇∂idivu
)
+∂j
{
∂i
(µ(θ)
ρ
)(
∆u+
1
3
∇divu)
+∂i
[µ′(θ)
ρ
∇θ · (∇u+ (∇u)t − 2
3
Idivu
)]}− ∂j∂i(1
ρ
∫
v ⊗ v · ∇xΠdv
)
∂j∂iθt + u · ∇∂j∂iθ + 2
3
θ∂j∂idivu+ ∂ju · ∇∂iθ + ∂j∂iu · ∇θ + ∂iu · ∇∂jθ
+
2
3
∂jθ∂idivu+
2
3
∂j∂iθdivu+
2
3
∂iθ∂jdivu =
κ(θ)
ρ
∆∂j∂iθ + ∂j
(κ(θ)
ρ
)
∆∂iθ
+∂j
{
∂i
(κ(θ)
ρ
)
∆θ + ∂i
(κ′(θ)
ρ
|∇θ|2
)
+ ∂i
[µ(θ)
ρ
( (∇u+ (∇u)t)2
2
− 2
3
(divu)2
)]}
+∂j∂i
[1
ρ
(
−
∫
1
2
|v|2v · ∇xΠdv + u ·
∫
v ⊗ v · ∇xΠdv
)]
.
Multiplying the equation (3.63)1 by
2θ
3ρ2 ∂j∂iρ, (3.63)2 by ∂j∂iu and (3.63)3 by
∂j∂iθ
θ
, and then adding
them together and integrating over [0, t]× D, we have
(3.64)
‖∇2(ρ, u, θ)(t)‖2 +
∫ t
0
‖∇3(u, θ)‖2dτ ≤ C‖∇2(ρ0, u0, θ0)‖2 + Cε
+C(χ+ ε)
∫ t
0
‖∇2(ρ, u, θ)‖2dτ + C
∑
|β|=3
∫ t
0
∫ ∫
ν(v)
M∗
|∂βG|2dvdxdτ
+C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
( ∑
1≤|α|≤2
|∂αG|2 + |G˜|2
)
dvdxdτ,
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where we have used the fact that
∣∣ ∫ t
0
∫
−∂j∂i
(1
ρ
∫
v ⊗ v · ∇xΠdv
)
∂j∂iu dxdτ
∣∣
=
∣∣ ∫ t
0
∫
∂i
(1
ρ
∫
v ⊗ v · ∇xΠdv
)
∂j∂j∂iu dxdτ
∣∣
≤ C
∫ t
0
(
‖∇ρ‖L∞‖
∫
v ⊗ v · ∇xΠdv‖+ ‖
∫
v ⊗ v · ∇x∂iΠdv‖
)
‖∇3u‖dτ
≤ (1
8
+ C(χ+ ε)
) ∫ t
0
‖∇3u‖2dτ + C(χ+ ε)
∫ t
0
‖
∫
v ⊗ v · ∇xΠdv‖2dτ
+C
∫ t
0
‖
∫
v ⊗ v · ∇x∂iΠdv‖dτ
≤ (1
8
+ C(χ+ ε)
) ∫ t
0
‖∇3u‖2dτ + C
∑
|β|=3
∫ t
0
∫ ∫
ν(v)
M∗
|∂βG|2dvdxdτ +Cε
+C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
( ∑
1≤|α|≤2
|∂αG|2 + |G˜|2
)
dvdxdτ
+C(χ+ ε)
∫ t
0
‖∇2(ρ, u, θ)‖2dτ.
Next, we derive the estimate of
∫ t
0
‖∇3ρ‖dτ . Applying ∂j (j = 1, 2, 3) to the system (3.45) gives
(3.65)

∂j∂iρt + u · ∇∂j∂iρ+ ρ∂j∂idivu+ (∂ju · ∇∂iρ+ ∂iu · ∇∂jρ+ divu∂j∂iρ)
+(∂jρ∂idivu+ ∂j∂iu · ∇ρ+ ∂iρ∂jdivu) = 0,
∂j∂iut + u · ∇∂j∂iu+ 2θ
3ρ
∇∂j∂iρ+ 2
3
∇∂j∂iθ + ∂ju · ∇∂iu+ ∂j∂iu · ∇u
+∂iu · ∇∂ju+ ∂j
(2θ
3ρ
)
∇∂iρ+ ∂j∂i
(2θ
3ρ
)
∇ρ+ ∂i
(2θ
3ρ
)
∇∂jρ
= −∂j∂i
(1
ρ
∫
v ⊗ v · ∇xGdv
)
,
∂j∂iθt + u · ∇∂j∂iθ + 2
3
θ∂j∂idivu+ ∂ju · ∇∂iθ + ∂j∂iu · ∇θ + ∂iu · ∇∂jθ
+
2
3
∂jθ∂idivu+
2
3
∂j∂iθdivu+
2
3
∂iθ∂jdivu
= ∂j∂i
[1
ρ
(
−
∫
1
2
|v|2v · ∇xGdv + u ·
∫
v ⊗ v · ∇xGdv
)]
.
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Multiplying the equation (3.65)2 by ∇∂j∂iρ and then integrating over [0, t] × D yield
(3.66)
∫
∂j∂iu · ∇∂j∂iρ dx
∣∣∣t
0
+
∫ t
0
∫
2θ
3ρ
|∇∂j∂iρ|2dxdτ
=
∫ t
0
∫
∂j∂idivu
[
u · ∇∂j∂iρ+ ρ∂j∂idivu+ (∂ju · ∇∂iρ+ ∂iu · ∇∂jρ+ divu∂j∂iρ)
+(∂jρ∂idivu+ ∂j∂iu · ∇ρ+ ∂iρ∂jdivu)
]
dxdτ
−
∫ t
0
∫
(u · ∇∂j∂iu+ 2
3
∇∂j∂iθ)∇∂j∂iρdxdτ
−
∫ t
0
∫ [
∂ju · ∇∂iu+ ∂j∂iu · ∇u+ ∂iu · ∇∂ju+ ∂j
(2θ
3ρ
)
∇∂iρ+ ∂j∂i
(2θ
3ρ
)
∇ρ
+∂i
(2θ
3ρ
)
∇∂jρ
]
· ∇∂j∂iρ dxdτ −
∫ t
0
∫
∂j∂i
(1
ρ
∫
v ⊗ v · ∇xGdv
)
· ∇∂j∂iρ dxdτ,
where in the above equations we have used (3.65)1 and the following fact
(3.67)
∫
∂j∂iut · ∇∂j∂iρ dx = d
dt
∫
∂j∂iu · ∇∂j∂iρ dx−
∫
∂j∂iu · ∇∂j∂iρt dx
=
d
dt
∫
∂j∂iu · ∇∂j∂iρ dx+
∫
∂j∂idivu∂j∂iρt dx
=
d
dt
∫
∂j∂iu · ∇∂j∂iρ dx−
∫
∂j∂idivu
[
u · ∇∂j∂iρ+ ρ∂j∂idivu
+(∂ju · ∇∂iρ+ ∂iu · ∇∂jρ+ divu∂j∂iρ)
+(∂jρ∂idivu+ ∂j∂iu · ∇ρ+ ∂iρ∂jdivu)
]
dx.
By (3.66) and Cauchy’s inequality, it holds that
(3.68)
∫ t
0
‖∇3ρ‖2dτ ≤ C‖(∇2u0,∇3ρ0)‖2 + C‖(∇2u,∇3ρ)(t)‖2
+C(χ+ ε)
∫ t
0
‖∇2(ρ, u, θ)‖2dτ + C
∫ t
0
∫ ∫
ν(v)
M∗
|∇3xG|2dvdxdτ
+C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
|∇2xG|2dvdxdτ + C
∫ t
0
‖∇3(u, θ)‖2dτ,
which together with (3.64) gives
(3.69)
‖∇2(ρ, u, θ)(t)‖2 +
∫ t
0
‖∇3(ρ, u, θ)‖2dτ ≤ C‖(∇2ρ0,∇2u0,∇2θ0,∇3ρ0)‖2 + Cε
+C(χ+ ε)
∫ t
0
‖∇2(ρ, u, θ)‖2dτ + C
∑
|β|=3
∫ t
0
∫ ∫
ν(v)
M∗
|∂βG|2dvdxdτ
+C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
( ∑
1≤|α|≤2
|∂αG|2 + |G˜|2
)
dvdxdτ + C‖∇3ρ(t)‖2.
Then we want to estimate ∇2(ρt, ut, θt), ∇(ρtt, utt, θtt) and ∂3t (ρ, u, θ). First, we estimate ∇2(ρt, ut, θt).
Multiplying the equation (3.65)1 by ∂j∂iρt, (3.65)2 by ∂j∂iut and (3.65)3 by ∂j∂iθt, respectively, and
then integrating over [0, t] ×D, one has
(3.70)
∫ t
0
‖∇2(ρt, ut, θt)‖2dτ ≤ C
∫ t
0
‖∇3x(ρ, u, θ)‖2dτ + C(χ+ ε)
∫ t
0
‖∇2(ρ, u, θ)‖2dτ
+C
∫ t
0
∫ ∫
ν(|v|)
M∗
|∇3xG|2dvdxdτ + C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
|∇2xG|2dvdxdτ.
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Next, applying ∂t to the system (3.45), and multiplying the three equations by ∂iρtt, ∂iutt and ∂iθtt,
respectively, then integrating over [0, t]× D, we obtain
(3.71)
∫ t
0
‖∇(ρtt, utt, θtt)‖2dτ
≤ C
∫ t
0
‖∇2x(ρt, ut, θt)‖2dτ + C(χ+ ε)
∫ t
0
(
‖∇2(ρ, u, θ)‖2 + ‖∇(ρt, ut, θt)‖2
)
dτ
+C(χ+ ε)
∑
|α′|=1
∫ t
0
‖∂α′(φ,ψ, ζ)‖2dτ + C
∑
|β|=3
∫ t
0
∫ ∫
ν(v)
M∗
|∂βG|2dvdxdτ
+C(χ+ ε)
∑
|α|=2
∫ t
0
∫ ∫
ν(v)
M∗
|∂αG|2dvdxdτ + Cε.
Finally, applying ∂t to system (3.51), and multiplying the three equations by ∂
3
t ρ, ∂
3
t u and ∂
3
t θ, respec-
tively, then integrating over [0, t]× D, it holds that
(3.72)
∫ t
0
‖∂3t (ρ, u, θ)‖2dτ ≤ C
∫ t
0
‖∇x(ρtt, utt, θtt)‖2dτ
+C(χ+ ε)
∫ t
0
(
‖∇(ρt, ut, θt)‖2 + ‖(ρtt, utt, θtt)‖2
)
dτ
+C(χ+ ε)
∑
|α′|=1
∫ t
0
‖∂α′(φ,ψ, ζ)‖2dτ + C
∫ t
0
∫ ∫
ν(v)
M∗
|∇xGtt|2dvdxdτ
+C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
|∇xGt|2dvdxdτ + Cε.
Combining (3.69), (3.70), (3.71) and (3.72) together leads to (3.62) directly. 
• Step 4. Estimate of sup
t∈[0,T ]
∫ ∫ |∂αG|2
M∗
(t, x, v)dvdx (|α| = 2):
(3.73)
∫ ∫ |∂αG|2
M∗
(t, x, v)dvdx +
∫ t
0
∫ ∫
ν(v)
M∗
|∂αG|2dvdxdτ
≤ C
∫ ∫ |∂αG|2
M∗
(0, x, v)dvdx +C
∫ t
0
‖∂α∇(u, θ)‖2dτ + Cε
+C(χ+ ε)
∫ t
0
(
‖∂α(ρ, u, θ)‖2 +
∑
|α′|=1
‖∂α′(φ,ψ, ζ)‖2
)
dτ
+C
∑
|β|=3
∫ t
0
∫ ∫
ν(v)
M∗
|∂βG|2dvdxdτ
+C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
|(Gt,∇xG, G˜)|2dvdxdτ.
Proof of (3.73). Applying ∂α to (1.15) for |α| = 2, one has
(3.74)
∂αGt − LM∂αG = −∂αP1(v · ∇xM)− ∂αP1(v · ∇xG) + 2
∑
|α′|=1
Q(∂α
′
M, ∂α
′
G)
+ 2
∑
|α′|=1
Q(∂α
′
G, ∂α
′
G) + 2Q(∂αM,G) + 2Q(G, ∂αG).
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Multiplying the above equation by ∂
α
G
M∗ , and integrating over [0, t] ×D× R3 gives
(3.75)
∫ ∫ |∂αG|2
2M∗
dvdx
∣∣∣t
0
−
∫ t
0
∫ ∫
∂αG
M∗
LM∂
αGdvdxdτ
=
∫ t
0
∫ ∫ [
− ∂αP1(v · ∇xM)− ∂αP1(v · ∇xG) + 2
∑
|α′|=1
Q(∂α
′
M, ∂α
′
G)
+2
∑
|α′|=1
Q(∂α
′
G, ∂α
′
G) + 2Q(∂αM,G) + 4Q(G, ∂αG)
]∂αG
M∗
dvdxdτ
:=
21∑
i=16
Ii.
Note P1(v · ∇xM) does not contain the density gradient ∇ρ, thus by Cauchy’s inequality, one has
(3.76)
|I16| ≤ C
∫ t
0
∫ ( ∑
|α′|=1
(|∂α′∇(ρ, u, θ)||∂α′(ρ, u, θ)|+ |∇(ρ, u, θ)||∂α(ρ, u, θ)|
+ |∂α∇(u, θ)|+ |∇(ρ, u, θ)||∂α′(ρ, u, θ)|2)|)(∫ ν(v)
M∗
|∂αG|2dv
) 1
2
dxdτ
≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|∂αG|2dvdxdτ + C
∫ t
0
‖∂α∇(u, θ)‖2dτ
+ C(χ+ ε)
∫ t
0
(‖∂α(ρ, u, θ)‖2 + ∑
|α′|=1
‖∂α′(φ,ψ, ζ)‖2)dτ + Cε.
It follows from Cauchy’s inequality and assumption (3.4) that
(3.77)
|I17| ≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|∂αG|2dvdxdτ + C
∫ t
0
∫ ∫
ν(v)
M∗
|∂α∇xG|2dvdxdτ
+ C
∫ t
0
∫ (|∂α(ρ, u, θ)|+ |∂α′(ρ, u, θ)|2)(∫ |∇xG|2
M∗
dv
) 1
2
·
( ∫ ν(v)
M∗
|∂α′∇xG|2dv
) 1
2
dxdτ
≤
( σ˜
8
+ C(χ+ ε)
) ∫ t
0
∫ ∫
ν(v)
M∗
|∂αG|2dvdxdτ
+ C
∫ t
0
∫ ∫
ν(v)
M∗
|∂α∇xG|2dvdxdτ
+ C(χ+ ε)
∫ t
0
(
‖∂α(ρ, u, θ)‖2 +
∫ ∫
ν(v)
M∗
|∇xG|2dvdx
)
dτ.
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By Cauchy’s inequality, Lemma 2.4 and (3.4), one has
(3.78)
|I18| ≤ C
∫ t
0
∫ (∫ ν(v)
M∗
|∂αG|2dv
) 1
2
∑
|α′|=1
( ∫ ν(v)−1
M∗
|Q(∂α′M, ∂α′G)|2dv
) 1
2
dxdτ
≤ C
∫ t
0
∫ (∫ ν(v)
M∗
|∂αG|2dv
) 1
2
∑
|α′|=1
(∫ ν(v)
M∗
|∂α′M|2dv ·
∫
ν(v)
M∗
|∂α′G|2dv
) 1
2
dxdτ
≤ C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
(
|∂αG|2 +
∑
|α′|=1
|∂α′G|2
)
dvdxdτ,
and
(3.79)
|I19| ≤ C
∫ t
0
∫ ( ∫ ν(v)
M∗
|∂αG|2dv
) 1
2
∑
|α′|=1
(∫ ν(v)−1
M∗
|Q(∂α′G, ∂α′G)|2dv
) 1
2
dxdτ
≤ C
∫ t
0
∫ ( ∫ ν(v)
M∗
|∂αG|2dv
) 1
2
∑
|α′|=1
( ∫ |∂α′G|2
M∗
dv ·
∫
ν(v)
M∗
|∂α′G|2dv
) 1
2
dxdτ
≤ C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
(
|∂αG|2 +
∑
|α′|=1
|∂α′G|2
)
dvdxdτ.
By Lemma 2.4 and the fact
(3.80)
∫
|∂α(ρ, u, θ)|2
(∫ ν(v)
M∗
|G|2dv
)
dx ≤ ‖∂α(ρ, u, θ)‖2
∥∥∥ ∫ ν(v)
M∗
|G|2dv
∥∥∥
L∞x
≤ C‖∂α(ρ, u, θ)‖2
∫ ∫
ν(v)
M∗
(|G|2 + |∇xG|2 + |∇2xG|2)dvdx
≤ C(χ+ ε)‖∂α(ρ, u, θ)‖2 + C(χ+ ε)
∫ ∫
ν(v)
M∗
|(G˜,∇xG,∇2xG)|2dvdx,
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it holds that
(3.81)
|I20| ≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|∂αG|2dvdxdτ +C
∫ t
0
∫ ∫
ν(v)−1
M∗
|Q(∂αM,G)|2dvdxdτ
≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|∂αG|2dvdxdτ
+C
∫ t
0
∫ (∫ ν(v)
M∗
|∂αM|2dv ·
∫
ν(v)
M∗
|∂αG|2dv
)
dxdτ
≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|∂αG|2dvdxdτ
+C
∫ t
0
∫ (|∂α(ρ, u, θ)|2 + ∑
|α′|=1
|∂α′(ρ, u, θ)|4)(∫ ν(v)
M∗
|G|2dv
)
dxdτ
≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|∂αG|2dvdxdτ + C(χ+ ε)
∑
1≤|α|≤2
∫ t
0
‖∂α(φ,ψ, ζ)‖2dτ
+C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
|(∇2xG,∇xG, G˜)|2dvdxdτ +Cε.
Similarly, by (3.4), Cauchy’s inequality and Sobolev’s inequality, we have
(3.82)
∫ ( ∫ ν(v)
M∗
|G|2dv ·
∫ |∂αG|2
M∗
dv
)
dx ≤
∥∥∥ ∫ ν(v)
M∗
|G|2dv
∥∥∥
L∞x
∫ ∫ |∂αG|2
M∗
dvdx
≤ C
∫ ∫
ν(v)
M∗
(|G|2 + |∇xG|2 + |∇2xG|2)dvdx ·
∫ ∫ |∂αG|2
M∗
dvdx
≤ C(χ+ ε)
∫ ∫
ν(v)
M∗
|(G˜,∇xG, ∂αG)|2dvdx.
Then it follows from Lemma 2.4 and (3.82) that
(3.83)
|I21| ≤ σ˜
8
∫ t
0
∫ ∫ ∫
ν(v)
M∗
|∂αG|2dvdxdτ + C
∫ t
0
∫ ∫
ν(v)−1
M∗
|Q(G, ∂αG)|2dvdxdτ
≤ σ˜
8
∫ t
0
∫ ∫ ∫
ν(v)
M∗
|∂αG|2dvdxdτ + C
∫ t
0
∫ (∫ |G|2
M∗
dv ·
∫
ν(v)
M∗
|∂αG|2dv
+
∫
ν(v)
M∗
|G|2dv ·
∫ |∂αG|2
M∗
dv
)
dxdτ
≤
( σ˜
8
+ C(χ+ ε)
) ∫ t
0
∫ ∫
ν(v)
M∗
|∂αG|2dvdxdτ
+ C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
|(G˜,∇xG)|2dvdxdτ.
Substituting (3.76)-(3.79), (3.81) and (3.83) into (3.75) gives (3.73). 
Combining (3.62) and (3.73) together, we can derive that
(3.84)
‖∇2(ρ, u, θ)(t)‖2 +
∑
|α|=2
∫ ∫ |∂αG|2
M∗
(t, x, v)dvdx +
∑
|β|=3
∫ t
0
‖∂β(ρ, u, θ)‖2dτ
+
∑
|α|=2
∫ t
0
∫ ∫
ν(v)
M∗
|∂αG|2dvdxdτ ≤ C‖∇2(ρ0, u0, θ0),∇3ρ0‖2
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+C
∑
|α|=2
∫ ∫ |∂αG|2
M∗
(0, x, v)dvdx + C
∑
|β|=3
∫ t
0
∫ ∫
ν(v)
M∗
|∂βG|2dvdxdτ
+C(χ+ ε)
∫ t
0
( ∑
|α|=2
‖∂α(ρ, u, θ)‖2 +
∑
|α′|=1
‖∂α′(φ,ψ, ζ)‖2
)
dτ
+C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
( ∑
|α′|=1
|∂α′G|2 + |G˜|2
)
dvdxdτ +Cε+C‖∇3ρ(t)‖2.
Finally, in order to obtain the third order derivatives (with respect to x and/or t) estimates on G,
and the third order spatial derivative estimates on the density ∇3ρ, we need to work on the original
Boltzmann equation (1.1).
• Step 5. Estimate of sup
t∈[0,T ]
∫ ∫ |∂βf |2
M∗
(t, x, v)dvdx (|β| = 3):
(3.85)
∫ ∫ |∂βf |2
M∗
(t, x, v)dvdx +
∫ t
0
∫ ∫
ν(v)
M∗
|∂βG|2dvdxdτ
≤ C
∫ ∫ |∂βf |2
M∗
(0, x, v)dvdx + C(χ+ ε+ η0)
∑
1≤|γ|≤3
∫ t
0
‖∂γ(φ,ψ, ζ)‖2dτ
+C(χ+ ε)
∑
1≤|α|≤2
∫ t
0
∫ ∫
ν(v)
M∗
|∂αG|2dvdxdτ + Cε.
Proof of (3.85). Applying ∂β to equation (1.1) gives
(3.86)
∂βft + v · ∇x∂βf = LM∂βG
+2
∑
0≤|α|≤|β|−1
CαβQ(∂
β−αM, ∂αG) +
∑
0≤|α|≤|β|
CαβQ(∂
β−αG, ∂αG).
Multiplying the above equation by ∂
βf
M∗ and integrating over [0, t] × D× R3, we have
(3.87)
∫ ∫ |∂βf |2
2M∗
dvdx
∣∣∣t
0
−
∫ t
0
∫ ∫
∂βG
M∗
LM∂
βGdvdxdτ
=
∫ t
0
∫ ∫
∂βM
M∗
LM∂
βGdvdxdτ +
∫ t
0
∫ ∫ [
2
∑
0≤|α|≤|β|−1
CαβQ(∂
β−αM, ∂αG)
+
∑
0≤|α|≤|β|
CαβQ(∂
β−αG, ∂αG)
]∂βf
M∗
dvdxdτ.
Since Mt, ∇xM ∈ N, P1(∂βM) does not contain ∂β(ρ, u, θ). Thus we have
(3.88)
∣∣∣ ∫ t
0
∫ ∫
LM∂
βG
M
· ∂βM dvdxdτ
∣∣∣ = ∣∣∣ ∫ t
0
∫ ∫
LM∂
βG
M
·P1(∂βM) dvdxdτ
∣∣∣
≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|∂βG|2dvdxdτ + C(χ+ ε)
∑
1≤|α|≤2
∫ t
0
‖∂α(φ,ψ, ζ)‖2dτ + Cε
and ∣∣∣ ∫ t
0
∫ ∫
LM∂
βG · ∂βM
( 1
M
− 1
M∗
)
dvdxdτ
∣∣∣
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(3.89)
≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|∂βG|2dvdxdτ +Cη0
∫ t
0
‖∂β(ρ, u, θ)‖2dτ
+C(χ+ ε)
∑
1≤|α|≤2
∫ t
0
‖∂α(φ,ψ, ζ)‖2dτ + Cε,
which together with (3.88) implies that
(3.90)
∣∣∣ ∫ t
0
∫ ∫
∂βM
M∗
LM∂
βGdvdxdτ
∣∣∣
=
∣∣∣ ∫ t
0
∫ ∫
LM∂
βG
M
·P1(∂βM) dvdxdτ
∣∣∣
+
∣∣∣ ∫ t
0
∫ ∫
LM∂
βG · ∂βM
( 1
M
− 1
M∗
)
dvdxdτ
∣∣∣
≤ σ˜
4
∫ t
0
∫ ∫
ν(v)
M∗
|∂βG|2dvdxdτ +Cη0
∫ t
0
‖∂β(ρ, u, θ)‖2dτ
+C(χ+ ε)
∑
1≤|α|≤2
∫ t
0
‖∂α(φ,ψ, ζ)‖2dτ + Cε.
Using the similar technique as in obtaining (3.80) and (3.81), we have
(3.91)
∣∣∣ ∫ t
0
∫ ∫ ∑
0≤|α|≤|β|−1
CαβQ(∂
β−αM, ∂αG)
∂βM
M∗
dvdxdτ
∣∣∣
≤ C(χ+ ε)
∫ t
0
(
‖∂β(ρ, u, θ)‖2 +
∑
1≤|α|≤2
‖∂α(φ,ψ, ζ)‖2
)
dτ
+C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
( ∑
1≤|α|≤3
|∂αG|2 + |G˜|)dvdxdτ + Cε.
Similar to (3.82), by Sobolev inequality one has,
(3.92)
∫ (∫ |∂βM|2
M∗
dv ·
∫
ν(v)
M∗
|G|2dv
)
dx ≤
∥∥∥ ∫ ν(v)
M∗
|G|2dv
∥∥∥
L∞x
∫ ∫ |∂βM|2
M∗
dvdx
≤ C
∫ ∫
ν(v)
M∗
|(G,∇xG,∇2xG)|2dvdx ·
∫ ∫ |∂βM|2
M∗
dvdx
≤ C(χ+ ε)
∫ ∫
ν(v)
M∗
|(G˜,∇xG,∇2xG)|2dvdx+ C(χ+ ε)
∫ t
0
‖∂β(ρ, u, θ)‖2dτ
+C(χ+ ε)
∑
1≤|α|≤2
‖∂α(φ,ψ, ζ)‖2dτ + Cε,
which together with Lemma 2.4 and (3.4) leads to∣∣∣ ∫ t
0
∫ ∫ ∑
0≤|α|≤|β|−1
CαβQ(∂
β−αM, ∂αG)
∂βG
M∗
dvdxdτ
∣∣∣
≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|∂βG|2dvdxdτ + C
∫ t
0
∫ ∫
ν(v)−1
M∗
|Q(∂β−αM, ∂αG)|2dvdxdτ
≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|∂βG|2dvdxdτ + C
∫ t
0
∫ (∫ ν(v)
M∗
|∂β−αM|2dv ·
∫ |∂αG|2
M∗
dv
+
∫ |∂β−αM|2
M∗
dv ·
∫
ν(v)
M∗
|∂αG|2dv
)
dxdτ
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(3.93)
≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|∂βG|2dvdxdτ + C(χ+ ε)
∫ t
0
∑
1≤|α|≤2
‖∂α(φ,ψ, ζ)‖2dτ + Cε
+C(χ+ ε)
∫ t
0
[ ∫ ∫ ν(v)
M∗
(
∑
1≤|γ|≤3
|∂γG|2 + |G˜|2)dvdx+ ‖∂β(ρ, u, θ)‖2
]
dτ.
Similar to (3.92) and (3.93), we have
(3.94)
∣∣∣ ∫ t
0
∫ ∫ ∑
0≤|α|≤|β|
CαβQ(∂
β−αG, ∂αG)
∂βG
M∗
dvdxdτ
∣∣∣
≤ σ˜
8
∫ t
0
∫ ∫
ν(v)
M∗
|∂βG|2dvdxdτ + C(χ+ ε)
∫ t
0
∑
1≤|α|≤2
‖∂α(φ,ψ, ζ)‖2dτ + Cε
+C(χ+ ε)
∫ t
0
[ ∫ ∫ ν(v)
M∗
(
∑
1≤|γ|≤3
|∂γG|2 + |G˜|2)dvdx+ ‖∂β(ρ, u, θ)‖2
]
dτ.
Substituting (3.90), (3.91), (3.93) and (3.94) into (3.87) implies (3.85). 
We can deduce from (3.84) and (3.85) that
(3.95)
‖∇2(ρ, u, θ)(t)‖2 +
∫ ∫ ( ∑
|β|=3
|∂βf |2
M∗
+
∑
|α|=2
|∂αG|2
M∗
)
(t, x, v)dvdx
+
∑
|β|=3
∫ t
0
‖∂β(ρ, u, θ)‖2dτ +
∑
2≤|β′|≤3
∫ t
0
∫ ∫
ν(v)
M∗
|∂β′G|2dvdxdτ
≤ C‖(∇2ρ0,∇2u0,∇2θ0,∇3ρ0)‖2 + Cε
+C
∫ ∫ ( ∑
|β|=3
|∂βf |2
M∗
+
∑
|α|=2
|∂αG|2
M∗
)
(0, x, v)dvdx
+C(χ+ ε+ η0)
∑
1≤|α|≤2
∫ t
0
‖∂α(φ,ψ, ζ)‖2dτ
+C(χ+ ε)
∫ t
0
∫ ∫
ν(v)
M∗
( ∑
|α′|=1
|∂α′G|2 + |G˜|2
)
dvdxdτ.
Proof of Proposition 3.2. Multiplying (3.95) by a large constant C, then adding (3.61) together implies
(3.34), thus we can finish the proof of Proposition 3.2. 
4. Appendix: Local-in-time existence
In this appendix, we prove Lemma 2.1 for the local-in-time existence of the solution to the 3D
Boltzmann equation (1.1)-(1.3).
Proof of Lemma 2.1. For this, we first define a functional space:
(4.1) S([0, T ]) =
{
F (t, x, v) ∈ H3x
(
L2v
( 1√
M∗
))
: ‖F‖S ≤ Ξ
}
,
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where Ξ > 0, T > 0 are time- and the ‖ · ‖S is defined as:
(4.2)
‖F‖2S :=
∑
0≤|β|≤3
(
sup
0≤t≤T
∫ ∫ |∂βF (t, x, v)|2
M∗
dvdx
+
∫ T
0
∫ ∫
1 + |v|
M∗
|∂βF (t, x, v)|2dvdxdτ
)
.
where M∗ is a global Maxwellian M∗ = M[ρ∗,u∗,θ∗] with ρ∗ > 0, θ∗ > 0 as in Theorem 1.1.
Set g(t, x, v) = f(t, x, v) − M¯(t, x, v), where M¯(t, x1, v) = M[ρ¯,u¯,θ¯](t, x1, v) with (ρ¯, u¯, θ¯) being the
3-rarefaction wave defined in (1.28), then g(t, x, v) solves
(4.3)
{
gt + v · ∇xg = LM¯g +Q(g, g) − (M¯t + v · ∇xM¯),
g(t, x, v)|t=0 = g0(x, v),
where the linearized collision operator L
M¯
is defined in (1.16) with M replaced by M¯ as follows,
(4.4) (L
M¯
g)(v) = −ν
M¯
(v)g(v) +
√
M¯(v)K
M¯
((
g√
M¯
)
(v)
)
.
Here the collision frequency ν
M¯
(v) ∼ (1 + |v|) as |v| → +∞ and K
M¯
(·) = K2M¯(·) −K1M¯(·) with the
kernel kiM¯(v, v∗) (i = 1, 2) are all defined in (1.17). Then we have the following lemma.
Lemma 4.1. If θ¯/2 < θ∗ < θ¯, then there exist positive constants σ¯ = σ¯(ρ¯, u¯, θ¯; ρ∗,
u∗, θ∗) and η¯0 = η¯0(ρ¯, u¯, θ¯; ρ∗, u∗, θ∗) such that if |ρ¯− ρ∗|+ |u¯− u∗|+ |θ¯− θ∗| < η¯0, then for g(v) ∈ N⊥,
−
∫
gL
M¯
g
M∗
dv ≥ σ¯
∫
ν
M¯
(v)g2
M∗
dv.
The proof of this lemma can be followed step by step as Lemma 4.2 in [23], we omit it for brevity.
Before we prove the local existence of 3D Boltzmann equation (1.1)-(1.3), we should note that the
solution f(t, x, v) is non-negative for any t > 0 if the initial data f0(x, v) is non-negative, whose proof
can be found in [24].
Under the above preparations, we now turn to construct local-in-time solution to the 3D Boltzmann
equation (1.1)-(1.3). For this purpose, we consider the following iteration sequence gn(t, x, v) (n ≥ 0)
(4.5)
{
gn+1t + v · ∇xgn+1 = LM¯gn+1 +Q(gn, gn)− (M¯t + v · ∇xM¯),
gn+1(t, x, v)|t=0 = g0(x, v).
We want to show by induction that if ‖g0‖S ≤ Ξ2√C0 with C0 :=
1
min{1,σ¯} ≥ 1, then ‖gn‖S ≤ Ξ for
all n, provided that Ξ and T are chosen suitably small. In fact, multiplying (4.5) by g
n+1
M∗ and then
integrating over [0, t]× D× R3 give
(4.6)
∫ ∫ |gn+1|2
2M∗
dvdx
∣∣∣τ=t
τ=0
−
∫ t
0
∫ ∫
gn+1
M∗
L
M¯
gn+1dvdxdτ
=
∫ t
0
∫ ∫
gn+1
M∗
Q(gn, gn)dvdxdτ −
∫ t
0
∫ ∫
gn+1
M∗
(M¯t + v · ∇xM¯)dvdxdτ
:=
2∑
i=1
Ji.
By Sobolev inequality, we have
(4.7)
∥∥∥ ∫ |gn|2
M∗
dv
∥∥∥
L∞x
≤ C
∫ ∫ |gn|2 + |∇xgn|2 + |∇2xgn|2
M∗
dvdx ≤ CΞ2.
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It follows from Cauchy’s inequality, Lemma 2.4 and (4.7) that
(4.8)
J1 ≤ σ¯
4
∫ t
0
∫ ∫
ν
M¯
(v)
M∗
|gn+1|2dvdxdτ
+ C
∫ t
0
∫ ∫
ν
M¯
(v)−1
M∗
|Q(gn, gn)|2dvdxdτ
≤ σ¯
4
∫ t
0
∫ ∫
ν
M¯
(v)
M∗
|gn+1|2dvdxdτ
+ C
∫ t
0
∫ (∫ |gn|2
M∗
dv ·
∫
ν
M¯
(v)
M∗
|gn|2dv
)
dxdτ
≤ σ¯
4
∫ t
0
∫ ∫
ν
M¯
(v)
M∗
|gn+1|2dvdxdτ
+ C sup
0≤t≤T
∥∥∥ ∫ |gn|2
M∗
dv
∥∥∥
L∞x
∫ t
0
∫ ∫
ν
M¯
(v)
M∗
|gn|2dvdxdτ
≤ σ¯
4
∫ t
0
∫ ∫
ν
M¯
(v)
M∗
|gn+1|2dvdxdτ + CΞ4.
By Cauchy’s inequality and Lemma 2.3, it holds
(4.9)
J2 ≤ σ¯
4
∫ t
0
∫ ∫
νM¯(v)
M∗
|gn+1|2dvdxdτ + C
∫ t
0
‖(ρ¯x1 , u¯1x1 , θ¯x1)‖2dτ
≤ σ¯
4
∫ t
0
∫ ∫
νM¯(v)
M∗
|gn+1|2dvdxdτ + C ln(1 + t).
Substituting (4.8)-(4.9) into (4.6), which along with Lemma 4.1 leads to
(4.10)
∫ ∫ |gn+1(t, x, v)|2
M∗
dvdx+
∫ t
0
∫ ∫
ν
M¯
(v)
M∗
|gn+1|2dvdxdτ
≤ C0
∫ ∫ |g0(x, v)|2
M∗
dvdx+ C(Ξ4 + ln(1 + t)).
For the corresponding estimate for ∂βgn+1(t, x, v) with |β| = j (j = 1, 2, 3), since
(4.11)
∂β(L
M¯
gn+1) = L
M¯
(∂βgn+1) + 2
∑
0<|α|≤j
CαβQ(∂
αM¯, ∂β−αgn+1).
Applying ∂β to (4.5), which together with the above fact leads to
(4.12)

(∂βgn+1)t + v · ∇x(∂βgn+1) = LM¯(∂βgn+1)
+2
∑
0<|α|≤j
CαβQ(∂
αM¯, ∂β−αgn+1) + 2Q(∂βgn, gn)
+2
∑
0<|α|<j
CαβQ(∂
αgn, ∂β−αgn)− (∂βM¯t + v · ∇x∂βM¯),
∂βgn+1(t, x, v)|t=0 = ∂βg0(x, v).
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Multiplying the above equation by ∂
βgn+1
M∗ , then integrating over [0, t] × D× R3, one leads to
(4.13)
∫ ∫ |∂βgn+1|2
2M∗
dvdx
∣∣∣τ=t
τ=0
−
∫ t
0
∫ ∫
∂βgn+1
M∗
L
M¯
(∂βgn+1)dvdxdτ
=
∫ t
0
∫ ∫
∂βgn+1
M∗
(
2
∑
0<|α|≤j
CαβQ(∂
αM¯, ∂β−αgn+1) + 2Q(∂βgn, gn)
)
dvdxdτ
+
∫ t
0
∫ ∫
∂βgn+1
M∗
(
2
∑
0<|α|<j
CαβQ(∂
αgn, ∂β−αgn)− (∂βM¯t + v · ∇x∂βM¯)
)
dvdxdτ
:=
4∑
i=3
Ji.
By Cauchy’s inequality and Lemma 2.4, one has
(4.14)
J13 ≤
σ¯
8
∫ t
0
∫ ∫
νM¯(v)
M∗
|∂βgn+1|2dvdxdτ
+ C
∑
0<|α|≤j
∫ t
0
∫ ∫
νM¯(v)
−1
M∗
|Q(∂αM¯, ∂β−αgn+1)|2dvdxdτ
≤ σ¯
8
∫ t
0
∫ ∫
ν
M¯
(v)
M∗
|∂βgn+1|2dvdxdτ
+ Cε
∑
0<|α|≤j
∫ t
0
∫ ∫
ν
M¯
(v)
M∗
|∂β−αgn+1|2dvdxdτ.
Similar to (3.82), we have
(4.15)
∫ (∫ ν
M¯
(v)
M∗
|gn|2dv ·
∫ |∂βgn|2
M∗
dv
)
dx
≤
∥∥∥ ∫ νM¯(v)
M∗
|gn|2dv
∥∥∥
L∞x
∫ ∫ |∂βgn|2
M∗
dvdx
≤ C
∫ ∫
ν
M¯
(v)
M∗
(|gn|2 + |∇xgn|2 + |∇2xgn|2)dvdx ·
∫ ∫ |∂βgn|2
M∗
dvdx
≤ CΞ2
∫ ∫
ν
M¯
(v)
M∗
|(gn,∇xgn,∇2xgn)|2dvdx ≤ CΞ4.
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It follows from Lemma 2.4, (4.7) and (4.15) that
(4.16)
J23 ≤
σ¯
8
∫ t
0
∫ ∫
ν
M¯
(v)
M∗
|∂βgn+1|2dvdxdτ
+ C
∫ t
0
∫ ∫
ν
M¯
(v)−1
M∗
|Q(∂βgn, gn)|2dvdxdτ
≤ σ¯
8
∫ t
0
∫ ∫
ν
M¯
(v)
M∗
|∂βgn+1|2dvdxdτ
+ C
∫ t
0
∫ (∫ ν
M¯
(v)
M∗
|∂βgn|2dv
)
·
(∫ |gn|2
M∗
dv
)
dxdτ
+ C
∫ t
0
∫ (∫ |∂βgn|2
M∗
dv
)
·
(∫ ν
M¯
(v)
M∗
|gn|2dv
)
dxdτ
≤ σ¯
8
∫ t
0
∫ ∫
ν
M¯
(v)
M∗
|∂βgn+1|2dvdxdτ + CΞ4.
Similarly, we have
(4.17) J14 ≤
σ¯
8
∫ t
0
∫ ∫
νM¯(v)
M∗
|∂βgn+1|2dvdxdτ + CΞ4.
By Cauchy’s inequality and Lemma 2.3, we have
(4.18) J24 ≤
σ¯
8
∫ t
0
∫ ∫
νM¯(v)
M∗
|∂βgn+1|2dvdxdτ + Cε.
Substituting (4.14), (4.16)-(4.18) into (4.13), we obtain
(4.19)
∫ ∫ |∂βgn+1(t, x, v)|2
M∗
dvdx+
∫ t
0
∫ ∫
ν
M¯
(v)
M∗
|∂βgn+1|2dvdxdτ
≤ C0
∫ ∫ |∂βg0(x, v)|2
M∗
dvdx
+Cε
∑
0<|α|≤j
∫ t
0
∫ ∫
ν
M¯
(v)
M∗
|∂β−αgn+1|2dvdxdτ + C(Ξ4 + ε),
which along with (4.10) and choosing ε suitable small such that Cε < 12 yield
(4.20)
‖gn+1‖2S ≤ 2C0‖g0‖2S + C(Ξ4 + ln(1 + T ) + ε)
≤ 1
2
Ξ2 + C(Ξ4 + ln(1 + T ) + ε) ≤ Ξ2,
provided that we choose Ξ > 0, T > 0 and ε > 0 are suitably small, such that
C(Ξ4 + ln(1 + T ) + ε) ≤ 1
2
Ξ2.
In the following we will show that {gn(t, x, v)} is a Cauchy sequence in H3x
(
L2v(
1√
M∗
))
. Set
hn(t, x, v) = gn+1(t, x, v) − gn(t, x, v), n ≥ 0,
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then hn(t, x, v) (n ≥ 1) satisfies
(4.21)
h
n
t + v · ∇xhn = LM¯hn +Q(gn, hn−1) +Q(gn−1, hn−1),
hn(t, x, v)|t=0 = 0.
First, we multiply h
n
M∗ by the above equation, then integrate by parts over [0, t]× D× R3 gives
(4.22)
∫ ∫ |hn|2
2M∗
(t, x, v)dvdx −
∫ t
0
∫ ∫
hn
M∗
L
M¯
hndvdxdτ
=
∫ t
0
∫ ∫
hn
M∗
(
Q(gn, hn−1) +Q(gn−1, hn−1)
)
dvdxdτ.
By Cauchy’s inequality and Lemma 2.4, one has
(4.23)
∫ t
0
∫ ∫
hn
M∗
Q(gn, hn−1)dvdxdτ
≤
∫ t
0
∫ (∫ νM¯(v)
M∗
|hn|2dv
) 1
2
( ∫ νM¯(v)−1
M∗
|Q(gn, hn−1)|2dv
) 1
2
dxdτ
≤
∫ t
0
∫ (∫ ν
M¯
(v)
M∗
|hn|2dv
) 1
2
( ∫ |gn|2
M∗
dv ·
∫
ν
M¯
(v)
M∗
|hn−1|2dv
) 1
2
dxdτ
+
∫ t
0
∫ (∫ ν
M¯
(v)
M∗
|hn|2dv
) 1
2
(∫ ν
M¯
(v)
M∗
|gn|2dv ·
∫ |hn−1|2
M∗
dv
) 1
2
dxdτ
:=
2∑
i=1
Ki.
It follows from Cauchy’s inequality and (4.7) that
(4.24)
K1 ≤ sup
0≤t≤T
∥∥∥∫ |gn|2
M∗
dv
∥∥∥ 12
L∞x
·
∫ t
0
∫ (∫ ν
M¯
(v)
M∗
|hn|2dv
) 1
2 ·
(∫ ν
M¯
(v)
M∗
|hn−1|2dv
) 1
2
dxdτ
≤ CΞ
∫ t
0
∫ ∫
ν
M¯
(v)
M∗
|(hn, hn−1)|2dvdxdτ.
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By Sobolev inequality, one has
(4.25)
K2 ≤
∫ t
0
∥∥∥∫ νM¯(v)
M∗
|gn|2dv
∥∥∥ 12
L∞x
∫ ( ∫ ν
M¯
(v)
M∗
|hn|2dv
) 1
2 ·
( ∫ |hn−1|2
M∗
dv
) 1
2
dxdτ
≤ C
∫ t
0
( ∫ ∫ ν
M¯
(v)
M∗
|(gn,∇xgn,∇2xgn)|2dvdx
) 1
2
×
(∫ ∫ ν
M¯
(v)
M∗
|hn|2dvdx
) 1
2
( ∫ ∫ |hn−1|2
M∗
dvdx
) 1
2
dτ
≤ C sup
0≤t≤T
( ∫ ∫ |hn−1|2
M∗
(t, x, v)dvdx
) 1
2
(∫ t
0
∫ ∫
ν
M¯
(v)
M∗
|hn|2dvdxdτ
) 1
2
×
(∫ t
0
∫ ∫
ν
M¯
(v)
M∗
|(gn,∇xgn,∇2xgn)|2dvdxdτ
) 1
2
≤ CΞ sup
0≤t≤T
∫ ∫ |hn−1|2
M∗
(t, x, v)dvdx + CΞ
∫ t
0
∫ ∫
ν
M¯
(v)
M∗
|hn|2dvdxdτ.
The other term on the right hand side of (4.22) is the same as estimate (4.24) and (4.25), so we deduce
from (4.22), (4.24) and (4.25) that
(4.26)
∫ ∫ |hn|2
M∗
(t, x, v)dvdx +
∫ t
0
∫ ∫
ν
M¯
(v)
M∗
|hn|2dvdxdτ
≤ CΞ
(
sup
0≤t≤T
∫ ∫ |hn−1|2
M∗
(t, x, v)dvdx +
∫ t
0
∫ ∫
νM¯(v)
M∗
|hn−1|2dvdxdτ
)
.
Next, applying ∂β to (4.21) with |β| = j (j = 1, 2, 3), then multiplying ∂βhn
M∗ to the resulted equation
and integrating by parts over [0, t] ×D× R3 implies
(4.27)
∫ ∫ |∂βhn|2
2M∗
(t, x, v)dvdx −
∫ t
0
∫ ∫
∂βhn
M∗
LM¯(∂
βhn)dvdxdτ
=
∫ t
0
∫ ∫
∂βhn
M∗
(
2
∑
0<|α|≤j
CαβQ(∂
αM¯, ∂β−αhn) +Q(gn, ∂βhn−1)
+Q(gn−1, ∂βhn−1) + 2
∑
0<|α|≤j
CαβQ(∂
α(gn + gn−1), ∂β−αhn−1)
)
dvdxdτ.
We just estimate the most difficult term as follows and the other terms can be done similarly.
(4.28)
∫ t
0
∫ ∫
∂βhn
M∗
Q(gn, ∂βhn−1)dvdxdτ
≤
∫ t
0
∫ ( ∫ ν
M¯
(v)
M∗
|∂βhn|2dv
) 1
2
( ∫ ν
M¯
(v)−1
M∗
|Q(gn, ∂βhn−1)|2dv
) 1
2
dxdτ
≤
∫ t
0
∫ ( ∫ ν
M¯
(v)
M∗
|∂βhn|2dv
) 1
2
( ∫ |gn|2
M∗
dv ·
∫
ν
M¯
(v)
M∗
|∂βhn−1|2dv
) 1
2
dxdτ
+
∫ t
0
∫ ( ∫ ν
M¯
(v)
M∗
|∂βhn|2dv
) 1
2
(∫ ν
M¯
(v)
M∗
|gn|2dv ·
∫ |∂βhn−1|2
M∗
dv
) 1
2
dxdτ
:=
4∑
i=3
Ki.
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It follows from Cauchy’s inequality and (4.7) that
(4.29)
K3 ≤ sup
0≤t≤T
∥∥∥ ∫ |gn|2
M∗
dv
∥∥∥ 12
L∞x
·
∫ t
0
∫ (∫ ν
M¯
(v)
M∗
|∂βhn|2dv
) 1
2 ·
(∫ ν
M¯
(v)
M∗
|∂βhn−1|2dv
) 1
2
dxdτ
≤ CΞ
∫ t
0
∫ ∫
ν
M¯
(v)
M∗
|(∂βhn, ∂βhn−1)|2dvdxdτ.
By Sobolev inequality, one has
(4.30)
K4 ≤
∫ t
0
∥∥∥ ∫ νM¯(v)
M∗
|gn|2dv
∥∥∥ 12
L∞x
·
∫ (∫ ν
M¯
(v)
M∗
|∂βhn|2dv
) 1
2 ·
( ∫ |∂βhn−1|2
M∗
dv
) 1
2
dxdτ
≤ C
∫ t
0
(∫ ∫ ν
M¯
(v)
M∗
|(gn,∇xgn,∇2xgn)|2dvdx
) 1
2
×
( ∫ ∫ ν
M¯
(v)
M∗
|∂βhn|2dvdx
) 1
2
( ∫ ∫ |∂βhn−1|2
M∗
dvdx
) 1
2
dτ
≤ C sup
0≤t≤T
(∫ ∫ |∂βhn−1|2
M∗
(t, x, v)dvdx
) 1
2
(∫ t
0
∫ ∫
νM¯(v)
M∗
|∂βhn|2dvdxdτ
) 1
2
×
(∫ t
0
∫ ∫
νM¯(v)
M∗
|(gn,∇xgn,∇2xgn)|2dvdxdτ
) 1
2
≤ CΞ sup
0≤t≤T
∫ ∫ |∂βhn−1|2
M∗
(t, x, v)dvdx + CΞ
∫ t
0
∫ ∫
ν
M¯
(v)
M∗
|∂βhn|2dvdxdτ.
It follows from (4.27), (4.29) and (4.30) that
(4.31)
∫ ∫ |∂βhn|2
M∗
(t, x, v)dvdx +
∫ t
0
∫ ∫
ν
M¯
(v)
M∗
|∂βhn|2dvdxdτ
≤ Cε
∑
0<|α|≤j
∫ t
0
∫ ∫
νM¯ (|v|)
M∗
|∂β−αhn|2dvdxdτ + CΞ‖hn−1‖2S .
Therefore, we deduce from (4.26) and (4.31) that
(4.32) ‖hn‖2S ≤
1
4
‖hn−1‖2S , n ≥ 1,
provided that Ξ > 0 and ε > 0 suitable small, thus we have proved that {gn(t, x, v)} is Cauchy sequence
in H3x
(
L2v
(
1√
M∗
))
. 
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